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INDEPENDENT  SETS  AND  TREE  STRUCTURE 

By 
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Chairman:  A.  R.  Bednarek 

Major  Department:  Mathematics 

The  relationship  between  a bivariegated  graph  and  a graph  with 
a 1- factor  is  discussed.  Also  discussed  are  the  relationship  between 
the  structure  of  a tree  and  its  maximal  independent  sets,  and  a method 
for  counting  the  total  number  of  maximal  independent  sets  for  certain 
trees,  including  those  trees  with  1-factors  having  twice  as  many  points 
as  endpoints. 


The  greatest  number  of  maximal  independent  sets  a tree  on  n 

[|]  §-l 

vertices  can  have  is  2 if  n is  odd,  and  2 + 1 if  n is  even. 

Examples  are  given  to  show  that  those  bounds  are  the  best  possible. 
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INTRODUCTION 


A graph  G is  a finite  nonempty  set  V of  points  together  with 
a set  E of  unordered  pairs  of  distinct  points  of  V,  called  edges.  A 
tree  is  a connected  graph  with  no  cycles.  An  independent  set  of  a 
graph  (or  tree)  is  a set  of  vertices  such  that  no  two  are  joined  by 
an  edge.  Consider  the  following  question:  What  is  the  relationship 

between  the  structure  of  a tree  T and  its  independent  sets?  To  be 
more  specific,  is  the  structure  of  T completely  determined  by  the 
sequence  (£^ ,?2» • • • > ?n  where  is  the  number  of  maximal  independent 

sots  with  i vertices,  where  0 is  the  number  of  endpoints  of  T,  and 
| T | = n?  This  paper  studies  the  latter  question,  answering  it  in  the 
negative,  but  finding  other  information  about  the  structure  of  trees 
and  its  relationship  to  independent  sets. 

Chapter  I presents  some  basic  definitions  and  elementary  results 
of  graph  theory  that  are  useful  in  later  chapters.  The  definitions 
primarily  follow  the  notation  used  by  Harary  [4]. 

Chapter  II  introduces  the  ideas  of  bivariegation  and  1-factor, 
and  discusses  their  relationship  in  the  light  of  a previous  result  [2] 
which  characterizes  bivariegated  trees  in  terms  of  the  size  of  the 
largest  maximal  independent  sets  of  the  trees.  (A  tree  is  bivariegated 
if  the  vertex  set  can  be  partitioned  into  two  equal  sets  such  that  each 
vertex  is  adjacent  to  one  and  only  one  vertex  in  the  set  not  containing 
it.  A tree  has  a 1- factor  if  there  is  a spanning  subtree  in  which  all 
vertices  have  degree  1 . ) 
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Chapter  III  indicates  how  maximal  independent  sets  can  be  counted 
in  certain  trees;  relates  number  of  maximal  independent  sets  to  structure; 
and  proves  a number  theoretic  equation  using  a graph  theoretic  argument. 

Chapter  IV  proves  the  fact  that  in  a tree  with  n vertices,  there 
are  at  most  2 maximal  independent  sets,  in  answer  to  a question 
posed  by  Erdos. 

The  final  chapter  discusses  the  results,  questions  arising  from 
them,  and  difficulties  involved. 

In  the  appendices  are  a listing  of  trees  with  1-factors  on  2,  4, 

6,  8,  10  and  12  vertices;  examples  on  16,  18,  and  20  vertices  showing 
that  the  sequence  described  above  does  not  characterize  trees  completely, 
and  a table  comparing  a(T)  and  a(p(T))  (see  Chapter  III)  for  |t|  ^ 10. 


CHAPTER  I 


BASIC  DEFINITIONS  AND  THEORY 

Definition  1.1:  A graph  G is  a nonempty  finite  set  of  points,  V, 

along  with  a prescribed  set  E of  unordered  pairs  of  distinct  points 
of  V,  known  as  edges . We  write  G = (V,E). 

If  two  distinct  points,  x and  y,  of  a graph  are  joined  by  an 
edge,  they  are  said  to  be  adjacent , and  we  write  x adj  y. 

A walk  of  a graph  G is  a finite  sequence  of  points  such  that 

each  point  of  the  walk  is  adjacent  to  the  point  of  the  walk  immediately 

preceding  it  and  to  the  point  immediately  following  it.  If  the  first 
and  last  points  of  a walk  are  the  same  point,  we  say  the  walk  is  closed, 
or  is  a cycle  (provided  there  are  three  or  more  distinct  points;  and 
all  points  are  distinct  except  the  initial  and  final  points).  A graph 
is  acyclic  if  it  contains  no  cycles.  A walk  is  a path  if  all  the  points 
are  distinct. 

A graph  is  connected  if  every  pair  of  points  is  joined  by  a path. 

A tree  is  a connected,  acyclic  graph. 

Any  acyclic  graph  is  a forest , the  components  of  which  are 

trees. 

Theorem  1.2:  The  following  are  equivalent: 

(1)  T is  a tree.. 

(2)  Every  two  points  of  T are  connected  by  a unique  path. 

(3)  T is  connected  and  p = q + 1,  where  |v|  = p and  |e|  = q. 
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(4)  T is  acyclic  and  p = q + 1,  where  p is  the  number  of  points 
in  the  vertex  set,  V,  of  T,  and  q is  the  number  of  edges. 

The  proof  of  Theorem  1.2,  as  well  as  the  proofs  of  Theorems  1.4 
and  1.6  and  of  Lemma  1.7  can  be  found  in  [9]. 

Definition  1.3:  The  degree  of  a point  v of  G,  denoted  deg  v,  is  the 

number  of  lines  incident  with  v. 

Theorem  1.4:  The  sum  of  the  degrees  of  the  points,  v^,  of  a graph  G 

is  twice  the  number  of  lines,  q;  that  is, 

vt  = 2q. 

1 

Definition  1.5:  An  endpoint  of  a tree  is  a point  whose  degree  is  one. 

Theorem  1.6:  Every  tree  has  at  least  two  endpoints. 

Notation:  T - {x}  means  T minus  the  vertex  x and  all  its  incident 

edges. 

Lemma  1.7:  If  T is  a tree  and  if  e is  an  endpoint  of  T,  T - {e}  is 

still  a tree. 

Remark  1.8:  By  definition  of  T - {x},  and  the  extension  of  that 

definition  to  the  removal  of  any  finite  number  of  vertices  and  their 

incident  edges  (T  - {xj , . . . ,xn>) , it  is  clear  that  removing  n vertices 

and  their  incident  edges  on  vertex  at  a time  is  the  same  as  removing 

the  vertices  and  edges  all  at  one  time;  i.e.,  T - {x^,x2}  = (T-{xj})  - 

{x2),  and  inductively,  T - {x^,  x2>  . . . , xn)  = .(» • •(  (T-{x^})  - {x2>)  ...  - 

n parentheses 

(xn». 
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Definition  1.9:  A subgraph  of  a graph  G is  a graph  having  all  of  its 

points  and  lines  in  G.  A spanning  subgraph  is  a subgraph  which  contains 
all  the  points  of  G,  but  not  necessarily  all  the  lines. 

Definition  1.10:  The  distance  d(x,y)  between  any  two  points  x and  y 

in  a graph  G is  the  length  (number  of  edges)  of  the  shortest  path 
joining  them,  if  any;  if  not,  d(x,y)  = °°.  A shortest  path  between 
x and  y is  called  a geodesic.  The  length  of  a longest  geodesic  in  a 
connected  graph  G is  called  the  diameter  of  G,  d(G).  A diametral  path 
is  a path  whose  length  is  the  diameter  of  G. 

Definition  1.11:  Let  e be  an  endpoint  of  tree  T,  and  let  x be  the 

unique  point  adjacent  to  e.  If  deg  x = 2,  then  e is  called  a remote 
end  vertex. 


Figure  1 

In  figure  1,  x^  is  a remote  end  vertex,  while  x^  is  not  since  deg  x^  = 
3 > 2. 

Definition  1.12:  An  independent  set  for  graph  G is  a set  of  vertices 

with  the  property  that  no  two  vertices  in  the  set  are  adjacent. 

A maximal  independent  set  of  G (MIS)  is  an  independent  set  of  G 
which  is  contained  in  no  other  independent  set  of  G. 

A largest  maximal  independent  set  (LMIS)  of  G is  a maximal 
independent  set  of  G with  the  largest  cardinality. 
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In  figure  2,  the  set  {1,5,8}  is  an  independent  set.  {1,3, 7, 8} 
is  a MIS  which  is  also  a largest  maximal  independent  set,  as  is 
{2, 4, 5, 6}. 

Lemma  1.13:  There  is  a LMIS  of  tree  T which  contains  all  the  endpoints 

of  T. 

Proof:  Let  M be  a LMIS  of  T not  containing  all  the  endpoints.  Let 
x be  any  member  of  M which  is  not  an  endpoint.  The  point  x can  be 
adjacent  to  at  most  one  endpoint.  If  x is  adjacent  to  e^  and  e^, 
endpoints,  then  since  deg  e^  = 1,  and  deg  = 1,  and  are  not 
connected  to  any  other  point  of  M.  Thus  M - {x}u{e^ }u{e2)  is  an 
independent  set  with  one  more  point  than  M,  contradicting  our  definition 
of  M as  a largest  independent  set.  Therefore,  no  member  of  M is 
adjacent  to  more  than  one  endpoint  of  T.  On  the  other  hand,  every 
endpoint  of  T not  in  M is  adjacent  to  a member  of  M.  If  not,  Mu{e}  is 
independent,  again  contradicting  our  definition  of  M.  So  let  x be  the 
point  in  M adjacent  to  e,  e 4 M.  If  we  replace  x by  e in  M,  we  still 
have  an  independent  set  with  the  same  cardinality  as  M.  Therefore 
M - {x}u{e}  is  also  a LMIS,  since  M is  a LMIS  and  M and  M - {x}u{e} 
have  the  same  cardinality. 
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Since  there  are  only  finitely  many  endpoints  and  hence  only  a 
finite  number  of  endpoints  not  in  M,  after  a finite  number  of  steps 
like  that  above,  we  will  have  constructed  a LMIS  containing  all  the 
endpoints  of  T. 

Let  L,j,  be  the  largest  maximal  independent  set  of  tree  T,  such 
that  L,p  contains  all  the  endpoints  of  T.  Let  L^  denote  the  set 
theoretic  complement  of  L^,  in  T. 

Lemma  1.14:  If  a tree  T has  a remote  end  vertex  e with  adjacent  point 

x,  and  |Lt|  = k,  then  | LT  ^ ^ | = k-1. 

Proof : Certainly  L^  - {e,x}  c T - {e,x}  and  L^,  - {e,x}  is  an  independent 
set,  so  that  1^-  {e  x}l  ^ ^-1.  (|L^-{e,x}|  = k-1  since  eeL^,  hence  xeL^.) 
Suppose  there  is  an  independent  set  in  T - {e,x}  of  size  k.  Then  e will 
be  independent  of  all  those  points,  causing  | L^, | = k+1,  a contradiction. 
Therefore,  I L„  r I = k-1. 

Definition  1.15:  A complete  graph  is  a graph  on  n points  such  that 

every  pair  of  points  is  adjacent.  Thus  Kn  has  (”)  lines  and  each  point 
has  degree  n-1. 

Definition  1.16:  Let  G be  a graph  with  n points.  The  complement  of 

G is  a graph  G with  the  same  set  of  vertices  as  G but  whose  edge  set 
is  the  complement  in  of  the  edge  set  of  G.  See  figure  3 for  an 
example. 


Figure  3 


CHAPTER  II 


ON  1- FACTORS 

Definition  2.1:  A graph  G = (V,E)  is  said  to  be  bivariegated  if 

G = Gj  - f - = (V^  u V2,  E^  u E2  u E^)  where  G^  = (Vj,Ep, 

G2  = (V2,E2),  V = V u V2,  n V2  = Vl  V2  a bijection, 

and  E^.  = {(x,f(x))|x  e V^}  where  we  let  (x,f(x))  denote  the  edge 
incident  with  x and  f(x).  Therefore,  a graph  G (or  tree  T)  is 
bivariegated  if  and  only  if  its  vertex  set  can  be  partitioned  into 
two  disjoint  equal  sets  such  that  each  vertex  is  adjacent  to  one  and 
only  one  vertex  in  the  set  not  containing  it. 

The  following  are  properties  of  a bivariegated  tree  T: 

(1)  T has  an  even  number  of  points  and  no  two  endpoints  of  T 
are  adjacent  to  the  same  points. 

(2)  T contains  at  least  two  remote  end  vertices. 

(3)  If  e is  a remote  end  vertex  of  T and  e adj  x,  then  T - {e,x} 
is  also  bivariegated.  In  fact,  we  can  construct  any  bivariegated  tree 
by  starting  with  the  smallest  one,  •— « , and  repeatedly  adding  remote 
end  vertices.  (There  is  a list  of  all  bivariegated  trees  on  2,  4,  6, 
8,  10,  and  12  vertices  in  Appendix  II.) 

(4)  A bivariegation  of  T is  unique;  that  is,  the  partition  of 
V is  unique. 

There  is  a characterization  of  bivariegated  trees  in  terms  of  its 
maximal  independent  sets: 
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Theorem  2.2:  Let  T be  a tree  with  |T|  = 2n,  n a natural  number. 

Then  T is  bivariegated  if  and  only  if  the  largest  maximal  independent 
set  of  T has  n elements. 

This  is  proved  in  [2]. 

Definition  2.3:  An  n-factor  of  a graph  G is  a spanning  subgraph  of  G 

which  is  not  totally  disconnected  and  is  regular  of  degree  n (that  is, 
every  vertex  has  degree  n with  respect  to  the  spanning  subgraph) . 

In  particular,  G has  a 1-factor  if  it  has  a spanning  subgraph  consisting 
of  disjoint  edges. 

Tutte  [1(3  characterized  graphs  with  1-factors: 

Theorem  2,4:  A graph  G has  a 1-factor  if  and  only  if  the  number  of 

points  of  G is  even  and  there  is  no  set  S of  points  such  that  the 
number  of  odd  components  of  G - S exceeds  |s|. 

For  trees,  we  also  have 

Theorem  2.5:  A tree  T is  bivariegated  if  and  only  if  T has  a 1-factor. 

Proof:  Suppose  T is  a bivariegated  tree.  Then  |T|  = 2n  and  T = 
u V^,  Vj  n = 0,  such  that  each  vertex  in  is  adjacent  to 
precisely  one  vertex  in  V The  edges  that  define  this  bijection 
between  and  are  the  edges  which  compose  a 1-factor  of  T.  Since 
the  map  is  a bijection,  the  edges  will  be  pairwise  disjoint;  and  every 
point  of  T is  incident  with  one  and  only  one  of  these  edges. 

Conversely,  if  T has  a 1-factor,  then  |T|  = 2n  for  some  positive 
integer  n.  Let  the  set  of  edges  of  the  1-factor  be  the  set  F.  Each 
point  of  T is  incident  with  one  and  only  one  edge  of  F.  Partition  the 
vertices  of  T as  follows:  for  some  edge  f = (v^  , v^  ) in  F,  put  v^ 
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in  V and  v in  V-.  Next,  place  all  other  vertices  adjacent  to  vf  in 
1 f2  1 
V (none  of  these  will  be  adjacent  to  vf  since  T is  acyclic).  Note 
1 2 
that  no  other  edge  of  F is  incident  to  v_  . Since  each  of  the  vertices 

*1 

adjacent  to  v are  incident  with  a unique  edge  of  F,  place  the  other 
fl 

vertices  incident  with  these  edges  in  Continue  the  partitioning 

by  putting  points  adjacent  to  points  of  in  and  the  points 
adjacent  to  these  new  points  via  edges  of  F into  This  will 

partition  T into  V1  and  V 2,  n v2  = 0-  Every  point  in  Vj  will  be 
adjacent  to  one  and  only  one  point  in  V 2>  since  T is  acyclic.  Thus, 

T is  bivariegated,  with  the  edges  of  F being  the  edges  of  the  bijection 
between  and  V 2- 

We  now  have  the  characterization  of  trees  with  1-factors: 

Theorem  2.6:  A tree  T,  |t|  = 2n,  has  a 1-factor  if  and  only  if  the 

largest  maximal  independent  set  of  vertices  of  T contains  n vertices. 

Note  that  having  a 1-factor  and  being  bivariegated  are  not  equivalent 
for  an  arbitrary  graph  G.  G bivariegated  implies  that  G has  a 1-factor, 
since  the  edges  that  define  the  bijection  between  the  two  vertex  sets 
will  be  the  lines  of  the  1-factor.  However,  the  converse  is  not  true. 

In  figure  4,  G has  a 1-factor  but  is  not  bivariegated. 


Definition  2.7:  A graph  G is  said  to  have  a spanning  subtree  if  there 

is  a connected  acyclic  subgraph  of  G whose  vertex  set  is  the  vertex  set 


of  G. 
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Corollary  to  Theorem  2.5:  A connected  graph  G has  a 1-factor  if  and 

only  if  G has  a bivariegated  spanning  subtree. 

Proof:  If  G has  a bivariegated  spanning  subtree,  then  it  has  a spanning 

subtree  with  a 1-factor.  Since  all  points  of  G are  contained  in  the 
subtree,  then  the  1-factor  of  the  tree  is  also  the  1-factor  of  G. 

Now  let  F be  the  set  of  edges  of  the  1-factor  of  G.  Add  edges 
from  G to  complete  a (connected)  tree.  It  will  be  a spanning  tree 
since  all  the  points  of  G are  incident  with  F and  it  has  a 1-factor 
and  is  therefore  bivariegated.  And  such  a tree  can  be  found  since  G 
is  connected. 

If  G has  a bivariegated  spanning  tree  and  | G [ >4,  there  exists 
a path  a of  length  4 or  greater,  since  any  bivariegated  tree  on  more 
than  4 vertices  has  a diameter  of  4 at  least. 

Definition  2.8:  A Hamiltonian  path  is  a path  of  G containing  every 

vertex  of  G. 

Since  any  path  with  an  even  number  of  vertices  is  a bivariegated 
tree,  then  any  graph  with  an  even  number  of  vertices  and  a Hamiltonian 
path  has  a bivariegated  spanning  tree. 

Ore  [7]  states  the  following  criterion  for  a graph  having 
Hamiltonian  path: 

Theorem  2.9:  If  a graph  G with  n vertices  deg  v^  + deg  v.  > n - 1 
for  any  pair  of  vertices  then  G has  a Hamiltonian  path. 

In  addition  to  the  partition  of  the  vertex  set  of  a bivariegated 
tree  into  two  sets  according  to  the  bisection,  there  is  a partition 
into  two  largest  maximal  independent  sets: 
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Theorem  2.10:  If  T is  a tree  with  2n  points  which  has  a 1-factor, 

then  there  exist  two  disjoint  unique  largest  maximal  independent  sets 
(IMIS's) . 

Proof:  The  statement  is  certainly  true  for  n = 1 since  the  only  tree 

on  2 vertices  with  a 1-factor  is  • — «.  Assume  it  holds  for  all  trees 
with  1-factors  on  fewer  than  2n  vertices  and  let  T be  a tree  with  2n 
points  such  that  T has  a 1-factor.  By  property  (2)  of  bivariegated 
trees  (and  hence  of  trees  with  1-factors),  T has  a remote  end  vertex 
e,  with  e adj  x and  x adj  y,  y * e.  T - {e,x}  is  a tree  with  2n  - 2 = 
2(n-l)  vertices.  Since  e is  an  end  vertex,  then  the  edge  {e,x}  must 
be  one  of  the  edges  of  the  1-factor  of  T,  so  that  the  1-factor  of  T 
minus  the  edge  {e,x}  is  the  1-factor  of  T - {e,x}.  By  the  inductive 
hypothesis,  T - (e,x)  has  2 disjoint  unique  largest  maximal  independent 
sets,  1^  and  I 2,  both  of  size  n - 1.  One  of  these  sets  must  contain 
y,  say  y e 1^.  Then  if  we  return  points  e and  x and  the  corresponding 
edges  to  the  tree,  the  disjoint  independent  sets  of  T will  be  1^  u {e} 
and  I2  u {x}.  These  sets  are  clearly  independent  and  of  the  correct 
size  (n) ; and  the  partition  is  unique  since  the  partition  of  T - {e,x} 
into  1^  and  1 2 is  unique  and  we  have  assigned  e and  x to  sets  in  the 
only  way  possible. 

Even  though  Theorems  2.2  and  2.6  cannot  be  extended  to  arbitrary 
graphs  (figure  5 (a)  shows  a graph  which  is  bivariegated  but  whose 
LMIS  has  fewer  than  half  as  many  vertices  as  G,  and  in  figure  5 (b) 
the  graph  is  not  bivariegated  but  contains  a LMIS  of  the  desired 
size),  the  Theorem  2.2  can  be  extended  to  include  a certain  class 
of  graphs. 
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(a) 


(b) 


Figure  5 


Definition  2.11:  A graph  G is  called  unicyclic  if  G contains  precisely 

one  cycle.  The  graph  in  figure  6 is  unicyclic. 


Theorem  2.12:  Let  G be  a connected  unicyclic  graph  with  2n  vertices 

such  that  G consists  of  a tree  T and  a cycle  of  length  4k  which  is 
joined  by  an  additional  edge  to  any  point  of  the  tree.  Then  G is 
bivariegated  if  and  only  if  the  largest  maximal  independent  set  of  G 
has  cardinality  n. 

Proof:  First  notice  that  a cycle  of  4k  points  is  bivariegated:  Label 

the  points  of  the  cycle  v , v , . . .v  ; then  put  v e V , v e V , 

J.  Z 4K  1 1 Z 1 


partition.  Also  notice  that  the  cycle’s  LMIS  consists  of  2k  points  -- 
either  the  points  with  even  labels  or  the  points  with  odd  labels.  Thus 
the  statement  of  the  theorem  is  equivalent  to  saying  that  G is 


Figure  6 


e V2  to  get  the  desired 
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bivariegated  if  and  only  if  T is,  so  that  the  result  follows  immediately 
from  the  result  for  trees. 

Figure  7 shows  that  if  G is  unicyclic  and  has  a 1-factor,  it  is 
not  necessarily  true  that  G has  a cycle  of  size  4k. 


However,  if  G is  unicyclic  with  cycle  of  length  4k  and  has  a 1-factor, 
then  G is  also  bivariegated. 

Proposition  2.13:  A unicyclic  graph  G with  a 1-factor  is  a bivariegated 

graph  if  its  cycle  C has  length  4n,  n £ 1. 

Proof : It  is  sufficient  to  notice  that  G - C consists  of  trees  for 

which  having  a 1-factor  is  equivalent  to  being  bivariegated.  The  two 
are  also  equivalent  for  a cycle  of  length  4k.  Thus  the  edges  of  the 
1-factor  will  be  the  lines  defining  the  bivariegation.  The  map  will 
certainly  be  a bisection  since  no  two  edges  of  the  1-factor  are 
incident,  and  since  no  point  can  be  adjacent  to  two  points  of  the  set 
of  the  partition  not  containing  it  (else  there  would  be  an  additional 
cycle) . 

In  general  we  can  state  the  following: 

Theorem  2.14:  If  G^  and  G^  both  are  bivariegated  (have  1-factors), 

and  if  G is  the  graph  formed  by  G^,  and  an  additional  edge  joining 
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to  G^,  then  G also  is  bivariegated  (has  a 1-factor),  Conversely, 
if  G is  Gj  u G2  u {gj,g2)  where  e G^  and  g^  e and  if  G and  G^ 
are  both  bivariegated  (have  1 -factors)  then  so  is  (has)  G 2 . 


Proof:  If  G^  = (V^.E^)  and  G2  = (V2>E2)  then  let  the  bivariegation 

partitions  be  {V^.V  } and  {V21,V22^  resPectively • If  the  additional 

edge  joins  a point  of  to  a point  of  V^,  j = 1,  2,  Z = 1,  2, 
then  the  bivariegation  for  G will  be  {V^  u V^,  (GjW^)  u (G2  V^)}. 

The  1-factor  of  G will  simply  be  the  union  of  the  1-factors  of 
Gj  and  G2> 


The  converse  is  proved  analogously. 


CHAPTER  III 


INDEPENDENT  SETS  AND  STRUCTURE 
Counting  Independent  Sets 

One  of  the  goals  of  most  areas  of  mathematics  is  to  completely 
characterize  the  constructs  or  objects  under  consideration.  In  graph 
theory  it  is  no  different,  and  at  the  present  there  is  no  complete 
set  of  invariants  for  graphs  or  even  for  trees;  that  is,  there  is  no 
sequence  of  numbers  that  completely  determines  what  the  graph  or  tree 
is . 

Since  it  was  observed  that  independent  sets  have  a lot  to  do  with 
determining  whether  a tree  has  a 1-factor,  it  was  conjectured  that 
independent  sets  might  somehow  determine  a tree's  structure  more 
completely.  The  conjecture  was  enhanced  by  the  fact  that  there  exist 
computer  programs  that  list  all  maximal  independent  sets  of  a given 
tree  [3] . 

For  a tree  T,  |t|  = n,  define  a sequence  a(T)  = ,^2» • • • >£n_i» P) 

whore  is  the  number  of  maximal  independent  set  of  T of  size  i,  and 
B is  the  number  of  end  vertices  of  T.  The  results  of  a computer 
program  showed  that  this  sequence  does  uniquely  determine  a tree  for 
n = 1,2,..., 10.  This  chapter  is  the  record  of  what  was  discovered 
while  investigating  whether  a(T)  completely  determines  T for  n > 10. 
(The  first  counterexample  known  is  for  n = 16;  see  Appendix  I for 
others . ) 
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One  of  the  first  things  noticed  about  independent  sets  and  structure 
was  that  if  T has  precisely  two  maximal  independent  sets  then  T must 
be  a star,  as  in  figure  8. 


Figure  8 


The  set  consisting  of  the  endpoints  forms  one  maximal  independent  set, 
while  the  "center  point,"  the  non-endpoint,  is  the  other  maximal 
independent  set.  For  a star  T,  |t|  = n,  a(T)  = (1,0,0, ... ,0,l;n-l). 

If  T has  exactly  three  MIS’s,  then  T must  consist  of  an  edge 
{a,b}  each  end  of  which  is  adjacent  to  some  endpoints,  as  in  figure  9. 


Let  A be  the  set  of  endpoints  adjacent  to  a,  and  B be  the  set  of 
endpoints  adjacent  to  b.  Then  the  maximal  independent  sets  are 
A u {b},  B u {a},  and  A u B.  The  sequence  a(T)  will  have  three  l’s: 

= 1 when  i = | A | , | B j , n- 2,  and  8 = n-2. 

If  T has  more  than  three  MIS's,  however,  there  are  many  possible 
forms  for  T. 

In  order  to  study  the  maximal  independent  sets  of  trees,  it  is 
helpful  to  be  able  to  count  the  total  number  of  MIS’s  in  a given  tree. 
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Assume  T is  a tree  with  n points,  and  sequence  a(T)  = 

Define  = "Sjq. 

Lemma  3.1:  Consider  trees  with  vertices  only  of  degree  1 or  2.  Let 

be  the  total  number  of  maximal  independent  sets  of  such  a tree  with 
r vertices.  Then 

(i)  “n  = Vl  * Vs  f0r  " S 6 

<“)  Wn  - yn.2  * yn_3  for  n 4 4. 

Proof:  = 1,  P2  = P3  = 2,  y4  = 3,  P5  = 4,  p6  = 5 by  inspection. 

Note  that  y^  is  equal  to  the  number  of  MIS's  containing  a given  endpoint 
plus  the  number  of  MIS's  containing  the  point  adjacent  to  the  given 
endpoint,  since  all  MIS's  must  contain  one  of  those  two  points. 

(i)  Label  the  vertices  of  T,  |T|  = n by  v^, v2> • • • >vn>  such  that 

v.  adi  v.  , and  v.  adj  v.  , for  2 < i £ n-1.  T - {v  } has  y , maximal 
l J l+l  l J l-l  n n-1 

independent  sets;  of  these,  v^  may  be  added  to  those  containing  vn_2 

so  that  T has  at  least  y , MIS's.  How  many  additional  sets  are  created? 

n-1 

The  new  MIS's  are  those  containing  v _ and  v but  neither  v „ nor 

6 n-3  n n-2 

v^  The  number  of  sets  containing  v^  ^ equals  the  number  of  MIS's 

containing  v ^ plus  the  number  of  MIS's  containing  Vn but  this  is 

exactly  y . Thus  y = y + y , n > 6. 
n-5  n n-1  n-b 

(ii)  Label  the  vertices  of  T by  vi>v2’’“»vn  from  ri-8ht  to  left: 

0 0 • 0 -0 

V V V V 

n 3 2 1 

Figure  10 

Associate  with  each  vertex  v^  a number  x^  which  is  the  number  of  MIS's 
to  which  belongs  with  respect  to  the  tree  containing  only  v^,...,v^. 
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Then  for  k > 4,  2+xk-3  sincc  if  is  i°  a MIS,  then  ^ 

cannot  be,  but  either  v^^  or  3 must  b°-  Thus  = 2 an(* 

p = x +x  ,=11  ~+P  t (x  =x~=x,=l,x  =2) . 

n n n-1  n-2  n-3  12  3*4 

Corollary  1 to  Lemma  3.1(i):  Let  T be  a tree.  Then  diam  T < m^,. 

Proof : Let  a be  a diametral  path  of  T.  As  a tree  in  its  own  right, 

a has  ya  maximal  independent  sets.  But  each  MIS  of  a must  be  included 
in  a MIS  of  T.  Thus  p < p . Consider  only  trees  with  vertices  of 

(X  1 

degree  1 or  2 to  show  that  diam  T < p . Let  T be  such  a tree  with 

n vertices,  and  proceed  by  induction  on  diam  T. 

diam  T = P„  for  diam  T = 3,4,5. 
n 1 n 

n 

Assume  diam  T^  < p^,  for  diam  T^  < n,  n £ 6,  and  let  diam  T^  = n;  i.e., 
k = n + 1 . 

By  Lemma  3.1,  PT  = p + p„  and 
n+1  n n-4 

(*)  PT  2:  1 for  n > 5, 
n-4 

so  diam  T = diam  T + 1 < p_  + p^  = p_  by  the  induction 
n+1  n Tn  Tn-4  T 

hypothesis  and  (*). 

Corollary  2 to  Lemma  3.1(i):  If  T is  a tree  and  E is  the  set  of  end- 

points of  T,  then  pT  £ < p^. 

Proof:  diam  T-E  =(diam)T-2  since  a diametral  path  contains  two  endpoints. 

Thus  |a,j,  g|  = |a^,|-2  where  a denotes  diametral  path.  We  must  add  two 
endpoints  to  the  diametral  path  of  a^,  ^ to  get  a^.  But  as  shown  in 
Corollary  1,  by  adding  one  point  to  a diametral  path,  we  get  at  least 
one  more  MIS.  Thus  by  adding  two  endpoints,  will  well  have  added  at 
least  1 to  PT_E-  Thus  pT_£  < p . 
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But  note  that  we  do  not  always  add  2 to  pT 

I -c 

T:  # 3 MIS's 

T - E:  • • 2 MIS's 

Figure  11 

Let  T be  a tree,  |t|  = n,  with  3 end  vertices  such  that  there 
is  one  vertex  v^  with  degree  3,  and  all  other  vertices  have  degree  1 
or  2,  and  at  least  one  of  the  end  vertices  is  adjacent  to  v . Figure 
12  shows  two  examples  of  such  trees. 


(a)  (b) 


Figure  12 


If,  as  in  figure  12  (b) , there  are  two  end  vertices  adjacent  to  v , 

then  m„  = p , since  the  two  end  vertices  are  in  exactly  the  same 
1 n- 1 

maximal  independent  sets,  so  that  removal  of  one  of  them  does  not  change 


the  total  number  of  maximal  independent  sets  in  T.  If  v^  is  adjacent 
to  only  one  vertex,  m^  can  be  expressed  in  two  ways.  Label  the 
vertices  of  the  diametral  path  by  v^,...,vn_^. 

(1)  Label  the  third  end  vertex  v^'  if  it  is  adjacent  to  the 
point  v^,  and  let  x^'  = number  of  MIS's  containing  v^'  with  respect  to 


x.  = x.  0+x.  _ as  before,  and 
k k-2  k-3  ’ 

V * xk-l+xk-2 
xk.l  = V 

x^.+2  = Xj^+x^'.  Now  continue  as  before,  and  m^,  = x^  ^+x 
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(2)  Again,  label  the  third  end  vertex  v ' if  it  is  adjacent 

K 

to  v^.  Define  A(e)  = number  of  MIS's  of  T containing  e.  Then 
m^  = A(vk)  + A(vk').  There  are  now  two  paths  of  length  greater  than 
one  from  vertex  v^  to  endpoints.  One  has  length  k-1  (with  k-1  points 
other  than  v^j  and  the  other  has  length  n-k  (with  n-k  vertices  other 
than  v^)  --  see  figure  13. 


A(vk)  = (number  of  MIS's  v^  is  in  in  path  of  length  k-1)  x 
(number  of  MIS's  v^  is  in  in  path  of  length  n-k) 

= \-2  * Vk-r 

and  similarly,  A(vk')  = Pkl  • y R 

50  that  "T  = Pk-2Vk-l  * \-lVk- 


What  happens  if  two  additional  end  vertices  are  added  to  a 
path  of  length  n,  to  distinct  points  which  are  not  already  adjacent 
to  end  vertices?  (If  the  two  end  vertices  were  added  to  the  same 
point,  mT  could  be  counted  as  though  only  one  end  vertex  was  added 
since  the  two  would  be  in  all  the  same  MIS's.)  Suppose  they  are  added 


to  adjacent  points  as  in  figure  14. 


(k-1) 


Vk+2  Vk+1 


k-1  k-2 

Figure  14 


22 


Wl,X(k-l) 

k 


are  found  as  before,  but 


x ' = x ’ 


(k-1)  +Xk-1 


Vl  = V 

x^+2  = x^+x^' ; then  proceed  as  usual. 

The  other  case  to  consider  is  as  in  figure  15,  where  the  new  points 
are  added  to  points  connected  by  a path  of  length  2. 


(k+1) ' 


v 


(k-1)’ 


k+2 


k+1 


k-1 


Figure  15 


Again,  x^,  x^^  , and  x^ ^ are  found  as  before,  and 

X(k+1)  = Xk+Xk- 1 = X(k-1)  +Xk-1 

x^+j  = x^  and  then  proceed  as  in  previous  cases. 

If  the  new  endpoints  are  added  to  points  at  a distance  greater 
than  2 from  each  other,  we  may  treat  each  one  as  if  it  had  been  added 
singly.  And  if  more  than  two  new  endpoints  are  added,  we  can  refer  to 
the  above  cases  and  consider  them  in  pairs  or  singly,  as  necessary. 

Proposition  5.2:  Let  T be  a tree  which  is  a path  of  length  n - 1;  i.e., 

| T | = n.  Let  T'  be  a tree  which  is  a path  of  length  n - 2 with  one 

additional  vertex  v ' of  degree  3 and  three  end  vertices  (so  | T * | = n) . 

Then  p £ m_. 
n T 

Proof : Label  the  vertices  of  T and  T'  from  right  to  left  by  v ^ , v2  > — ,v^ 

and  v1’,v2',...,vn',  respectively,  such  that  if  v ' = v^j,  the  end 

vortox  adjacont  to  v 1 is  v 1 and  v ’ is  also  adjacent  to  v^2  nnt'  vj^+i 

P k P 


(see  figure  16).  Now  associate  with  (v^  ' ) a number  x^  (x^') 

where  x^  (x^')  is  the  number  of  MIS's  containing  (v^ ' ) in  the 

tree  consisting  of  the  vertices  previously  labeled  by  x^’s  (x^’s) 

starting  with  j = 1.  Then  x,  . = x,  , + x.  0 > x,  ' + x,  ' = 

b J k+1  k-1  k-2  k-2  k-3 

x^'  = and  since  the  labeling  continues,  from  this  point,  by 

the  same  process  in  both  trees,  and  for  the  same  number  of  points, 

m„,  = x ' + x * . < x + x = m_  = y . 

T'  n n-1  n n-1  T n 


T: 


• • • 

v 

n 


T'  : 


k-1 


k-2 


v ' 
k+1 


Figure  16 

There  are  two  additional  facts  about  trees  which  are  paths  and 
their  maximal  independent  sets. 

Proposition  3.3:  If  T is  a tree  which  is  a path  of  length  2n,  then 

in  a (T)  = , . . . ,£nl;2) , ^ = 0 when  k < -y-. 

Proof:  Since  every  point  of  T must  be  a member  of  a given  MIS  or 

adjacent  to  a member  of  the  set,  then  the  smallest  set  obtainable  is 
the  one  with  two  vertices  between  every  two  vertices  of  the  MIS,  so 
that  the  MIS  must  contain  at  least  a third  of  the  points  of  T.  More 
precisely,  we  have 
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Case  1:  | T | = 2n  = 3r  + 1,  * 0 and  has  the  smallest  index  of  the 

r+l 

nonzero  r+l  £ n-2  when  n 5 8,  but  r+l  > n-2  otherwise.  However, 

, 2n-l  , 2n  _ 

r+l  = — j — + 1 > — for  all  n. 

Case  2:  |T|  = 2n  = 3r.  E = x 0 and  has  the  smallest  index  of 

r 2n 

3 

the  nonzero  E. . 

l 

Case  3:  |T|=  2n  = 3r  + 2.  x 0 and  has  the  smallest  index  of 

the  nonzero  £.. 

l 

2n-2  2n  ,,  ,, 

r+l  = — - — + 1 > — for  all  n. 

r+l  > n-2  when  n < 7,  but  r+l  < n-2  otherwise.  Thus  = 0 for  k < 

K 3 

Note:  If  | T | = 2n  and  T has  a 1-factor,  then  E , = E „=...=£„  , = 0 

n+1  n+2  ^2n-l 

by  Theorem  2.6. 


Proposition  3.4:  Let  T be  a tree,  |t|  = n,  where  all  vertices  have 

[f] 

degree  1 or  2.  Then  m^,  = ^ s 2 . (Where  [a]  = greatest  integer  less 

than  or  equal  to  a.) 


Proof : The  inequality  holds  for  n = 1,2, 3, 4.  Assume  it  is  true  for 

all  k < n and  let  T have  n vertices. 

[^] 

y=y~  + y_s  2 +2  by  the  inductive  hypotheses; 

n n-2  n-3  r 

so  if  n is  even, 

n-2  n-2  . n-2  n-2  .n, 

2 2 1 2 2+1  *-2* 
p <2  +2  S 2 -3  5 2 =2  . 

n 2 

If  n is  odd,  then 

n-3  n-3  n-1  .n. 

2 2 2 1 2-> 

p ^ 2 z + 2Z  =2  = 2 1 . 

n 


Corollary  to  Proposition  3.4:  If  n is  even,  and  if  T is  a tree  as  in 


Proposition  3.4, 
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y < 2 

n 


The  proof  is  analogous  to  that  of  the  proposition. 


Some  Examples  and  Comparisons 


Let  T be  a tree,  and  v e T be  a vertex  of  T.  Define  m(v)  to 
be  the  number  of  maximal  independent  sets  of  T containing  v;  m(u,v) 
will  be  the  number  of  MIS's  of  T containing  u and  v;  m(u,~v)  is  the 
number  containing  u but  not  v,  and  so  on.  If  the  tree  in  question  is 
not  clear  from  the  context,  mT(v)  or  mT(u,v)  will  be  used  for  clarity. 

Example  3.5:  If  T is  a tree  as  in  figure  17,  where  |t|  = l+p^+p^-*- . . .+p^ , 


then 


k of 


these 


k 


+ 


+ 


(-D 


k-1 
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P 


k 


points 


ntj,  = m(a)  + m(b) 

= (total  from  Example  3.5)  + 


PL  JJ 


• V, 


P1  P2  Pk 
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Example  3.7:  /■  p 


6 


Pk  poin 


Figure  19 


The  tree  T in  figure  19  has 
mT  = m(c)  + m(b) 

= y .y  ,...y  . + y y y 

v1  V1  v1  Pip2---pk 

where  p.  s 2 with  at  least  one  p.  >2. 

l ri 

If  is  a tree  like  the  one  in  figure  17  and  is  a tree  like 

the  one  in  figure  19,  with  |T  | = | T [ + 1,  then  m > m . (Since 

Z i 1 2 1 1 

the  only  difference  between  and  is  that  T£  has  an  additional 
point,  then  must  have  at  least  as  many  MIS's  as  T^.) 

Lemma  3.8:  Let  T be  a tree  like  the  one  in  Example  3.7.  Then 


Proof : Recall  from  Corollary  to  Proposition  3.4  that  if  n is  even. 


where  p^  + + ...  + p^  = r,  k > 2. 


.7  1 


(if  k is  1,  this  is  just  the  corollary)  . 
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Case  1:  All  p^  i = 1,  ....  k,  are  even. 


Then 


Pr1  P2'1  Pk"1  pi  p2 

[-T-]  [-T-]  -y-  -1  T 

mT<2z  2 . . . 2 z + 2 z * 2 z 


-1 


-1 


P1  P2  Pk  1 

_JL  _i  _£  _i  — -1 

2 2 2 

= 2 2 ...  2^  +2 


-1 


-1 


f-k  |-k  §-k.i  [i^] 

= 2 +2  =2  <2 

by  Proposition  3.4,  its  corollary,  and  the  fact  that  k > 2. 


Case  2:  All  p^,  i = 1,  ...,  k are  odd. 

Pi  Pi_1 

(Then  all  p^  - 1 are  even  and  [-y]  = — ^ — ) 


Pi'1 


V1  Pr1 


V1 


rr,  < 0 2 'J  2 ^ n 2 n 2 

^2  ...2  +2  ...2 

r k t_  k_ 

2 " 2 2 " 2 

= 2 + 2 

— - 1 [Hi] 

2 2 1 2 1 
= 2 $2  , 


Case  3:  Some  p^,  say  p^,  is  even,  and  some  p^,  say  p^,  is  odd. 

Pi 


X'1  2 

Then  p ^2Z  , p <2 

P1  V1 


V1  -1 


Pr1  Pr1  i P2  p?-1 

and  ^ 2 ^ = 2 "2  and  ^X^  = ~~2 


Thus 


r _ k _ 3^  r _ 3 

2 2 2 2 2 

mT  < 2*  z + 2Z 

r _ 3^  r _ _3  . r-1 

2 2 2 2 + 1 2 

< 2 • 2Z  = 2Z  ^ = 2 S 2 


& 


Lemma  3.9 : Let  y = 2X  + 21  X,  k an  integer,  1 < x £ k-1.  Then  the 


maximum  value  of  y occurs  when  x = k-1  or  x = 1. 
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Proof : y = 2X  + 2k  X,  1 < x < k - 1 

Maximize  this. 

x log  2 (k-x)log  2 
y=e  +e  b 

y = (log  2)ex  loe  2 - (log  2)etk-x,1°*  2 

Set  this  equal  to  0. 

(log  2)ex  log  2 = (log  2)e(k'x)l0g  2 

=»  x = k - x 

k 

x = 2 

, . ,,  ,,  --,2  x log  2 ,,  0.2  (k-x)log  2 ^ _ 

but  y"  = (log  2)  e 6 + (log  2)  e >0 

so  this  is  a minimum. 

Therefore  x = 1 or  x = k-1  gives  a maximum  value  for  y. 

k -4  k-1  k 

k-i  t-4-]  [-4-1  k+W 

Lemma  3.10:  22  +2  s 2 ; k > 3,  kg  > 4 

Proof:  2k_3  + 1 < 2k'2 


,k- 1 


k k -4 

2“  * + 22  < 2k  < 2k+[~2~l  “ 2~] 

k3"4  V1  k 

k i [-4-]  [-4-1  k+[-^i 

^ 2k  1 2 2 +2  2 52  2 


k-1  k -4 
since  [-y - ] - ] 


I2 1 


if  k^  even 


if  kg  odd 


If  T is  a tree  of  the  following  form 
k 


a aj  a2 


where  kg  > 6 
kl  + k2  = k 


| T | = 2k  + k + 2 


kg  points 


Figure  20 
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then  m^  < 2 


, k?+2 
HH 


(It  is  also  true  for  < 6, 


as  shown  in  Examples  3.12  through  3.15). 


Proof : 


m^  = m(a,b)  + m(a,~b)  + m(b,~a)  + m(~a,~b) 

= m(a,b)  + (mta.bp  + m(a,b2)) 

+ (mfb^)  + m(b,a2)) 

+ (mfa^b^  + m(a1,b2)  + m(a2,b1)  + m(a2>b2) 

" >V3-2  * \-/2  * \s-4<2  -1” 
k k 

* ^-J2  1 * ^3-4C2 

kj  k k k 

+ -4'2  2 + \-S2  <2  -X) 

R1  k2  kl  k2 

+ yk  _5(2  -1)  2 + yk  _6 (2  1-1)(2  -1)) 

3 3 

1c  k 

' W|I3"2  + (2  * 2 l)  ^Mk3-3  * yk3-4  ' 

* 2Vj-4  * 2uk3-5  * - 2|Jk3-4  * ^kj-6 


Now  by  using 


V3  * V*  ■ V 

V * V6  = V3 

V ' V3  " V4 

\-4  * V5  ■ V2 

V2  * \-3  = \ 

V2  + V*  = V 


(all  by  Lemma  3.1) 
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we  find  that 


mT  V4+V 

5 + *V  + ' V*  + V* 


by  Lemma  3 . 8 


k3"4 


k7  k -1 

3,  r 3 


k-1  K~]  k W H-J 

< 2k  • 2 2 + 2k2  2 + 2 2 


by  Proposition  3.4. 

k3  k3  k3  k3+2 

k+brl  k+[-/]  k+l+[^]  k+[-4-] 

<2  +2  =2  =2 

by  Lemma  3.10. 

The  following  examples  show  Proposition  3.10  is  true  for 
k = 1,  4,  5,  6 (k  = 2,  3 are  similar). 

Example  3.12: 


|T|  = 2k 


m(a,b)  = 1 
k2 

m(a)  = 2 z 
m(c)  = 2k 


so 


m(b)  = 2 A 

i k„  k, 

mT=l+2k+22+21 
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k k2  ki  k+1 
Claim:  l + 2 + 2 +2A<  2 1 

^2  ki  k 
or  1 + 2 + 2 < 2 

since  2k  + 2k  = 2-2k  = 2k+1  =»  2k+1  - 2k  = 2k 


k,  k, 
2 


Proof:  (2k-l)  = (2  - 1)(1  + 2 + 22  + . . . + 2k_1)  > 2 1 + ” 2 

where  k^  + = k,  k^,  k^  > 0,  therefore 

kl  k2  k 

1+2  +2  <2  so  claim  is  proved. 


Note  that  Tj  has  2 


2k  + 3 points. 
Figure  22 


k+1 


MIS's  and 


Example  3.13: 


m(a)  = 1-2  2 + (2  2 - 1) 
kl  kl 

m(b)  = 2 + (2  1 - 1) 

m(a,b)  = 2 

k kl  k k?  kl  k9  ^ 

m(~a,~b)  = 2 + 2 (2  - 1)  + 2 1 (2  1 - 1)  + (2  1 - 1)  (2  1 - 1) 
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2k  + 2k  - 2 1 + 2k  - 2 2 + 2k  - 2 2 


2 A + 1 


m,p 


k2  k2  kl  kl 

2 +2  -1  + 2 +2  -1  + 2 


k kl  k2 

+ 4*2  - 2-2  1 - 2-2  z + 1 


= 2k+2  + 1 


note  that  nu  = hl,  . 

1 

Example  3.14: 


want  ^ 2 


k+3 


kl  k2 

m(a)  = 2-2  1 + 1(2  - 1) 

k2  kl 

m(b)  = 2-2  + (2  -1) 


m(a,b)  = 2 

kl  k2  kl  k?  k2  kl  kl  k 

m(~a,~b)  = 2 12  2 + 2 1 (2  2 - 1)  + 2 Z(2  -1)  + (2  - 1)  (2 


- 1) 


= 2k  + 2k  - 2l  + 2k  - 2 2 + 2k  - 2 1 - 2 2 + 1 


= 2^2  + 2l  + 1 + 2k+2  (<2k (1+4)  = 2k • 5 < 2k+3) 
, Z^1  + 2 + 1 + 2k+2  £ 2k+3 
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Example  3.15: 


m(a)  = m(a,b2)  + m(a,b1) 

k2  k2  ^2  k2 
= y3*2  + U2  (2  - 1)  = 2-2  Z + 2-2  - 2 

kl  kl 

m(b)=2-2+2*2-2 


m(a,b)  = y4  = 3 

m(~a,~b)  = mfa^bj)  + m(a1>b2)  + m(a2,b1)  + m(a2,b2) 

k k k1  k k?  k ki  k? 

= 2 • 2K  + 1 • 2K  - 2 1 + l-2k  - 2 2 + l'2k  - 2 1 - 2 2 + 

k2  kl  k 

mT  = 2(2  z + 2 A)  + 5-2 

k_  i v 

< 2(2  + 2)  + 5-2 


= 2-2k_1  ♦ 4 * 5-2k  = 2k  (1  + 5)  ♦ 4 = 2k(6)  ♦ 4 

s 2k*3  ♦ 4 < 2k*4 


Example  3.16:  Let  T be  a tree  such  that  T = T u T , where  T n T 

JL  £ 1.  z 

{a}.  Let  Bj  be  the  set  of  points  of  that  are  adjacent  to  a;  and 
B2  be  the  set  of  points  of  T2  that  are  adjacent  to  a. 
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Then 

mT  = m (~B1)  m2(~B2)  + m^-B^  m2(B2) 

+ ml(B1)  m2(B2)  + m^B^  m2 (~B2) 
where  for  i = 1,  2, 

nu  (B^)  = num^er  MIS's  in  (where  includes  the  point  a) 
containing  at  least  one  point  adjacent  to  a. 
mi C~Bi ) = number  of  MIS's  in  containing  n£  point  adjacent  to  a. 

mi^~Bi^  = number  °f  MIS's  in  TA{a}  containing  no  point  adjacent 
to  a. 


notice  that  = nu(B^)  + m.(~B.). 

l 

Proposition  3.17:  Let  T be  the  tree  in  figure  27(a)  and  let  T'  be 

the  tree  in  figure  27(b).  Then  m^,  s nVp , . (The  subtree  T2  is  the  same 
in  both  trees.) 


(b) 


Figure  27 
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Proof:  m = m(a,~b)  + m(~a,~b)  + m(~a,b) 

1 2 


Mk-2(%2tbl)  * V,(b2»  + gk-l  "r2tbi>  * Vi  "V2<b> 


since 


\_2  ~ raT  (a)  and 

Uk  (~a)  by  the  discussion  seen  earlier  in  this  chapter, 

and  since  if  a is  a given  MIS  then  b is  not,  but  either  b^  or  b ^ 


must  be. 
Similarly, 


"y  u t2  = WY.tV  * * V2  "y'V  * gk  %tb)' 

But:  Hj.j  ^(bj)  2 vk.2 
and  uk  Hj,  (b)  ;>  Ukl  mT  (b) 
implies  that 

Vl  ”T2(bl>  * Wk-1  "t/V  * uk-2  "t/V  * bk  "T2(b) 


5 gk-2  * gk-2  "V/V  + Uk-1  VjV  * \-l  mT2(b) 

and  so  < ny^. 

If  deg  b > 2,  then  interpret  m (b  ) as  the  number  of  MIS's  containing 

l2  1 

at  least  one  point  of  adjacent  to  b,  and  m^  O^)  as  the  number  of 
MIS's  of  containing  no  point  adjacent  to  b. 

Figure  28  shows  T and  T' ; the  additional  labels  near  points  in 
Tj  and  ' indicate  the  number  of  MIS's  the  points  .are  in,  with  respect 
to  T or  T ' . 
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Figure  28 


Corollary  to  Proposition  3.17:  A tree  which  is  simply  a path  of  length 

n + j has  more  maximal  independent  sets  than  a path  of  length  n with  j 
additional  end  vertices;  j < n - 2. 

Proof:  Repeatedly  apply  Proposition  3.17. 

k+  [-] 

Proposition  3.18:  Let  T be  a tree  as  in  figure  29.  Then  m s 2 2 

k+[fM 

if  r is  odd,  and  iHp  s 2 + 1 if  r is  even. 

Proof:  mT  = m(a)  + m(~a)  = + 2kyr2  + (2k-l)yr3 

yr-l  Pr  + 2 ^r-2  + yr-3^  “ 2 ^r-2  + yr-3^ ' 
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Case  1:  r is  odd. 

k i^] 

By  Proposition  3.4,  < 2 (2  +2  ) 

s 2i¥>  . 2k-H> 


Case  2:  r is  even. 

rllli  (llli 

By  the  corollary  to  Proposition  3.4,  and  since  1 2 1 = 1 2 1 

rr~21  . rr-3,  rr-21  i i r1"-2! 

k ^ 2 f 9 1 k+i  t 9 t 9 ] 


mT  < 2 (2 


+ 2 


) * 2 


= 2 


< 2 


k+[f] 


+ 1. 


Proposition  3.18  says  that  the  tree  in  figure  29  has  fewer  MIS's  than 

k+[f]  k*[fM 

the  trees  in  figure  30.  m_,  = 2 and  m„  = 2 +1. 


V 


£ 

2 


Figure  30 
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A Smaller  Class  of  Trees 

Since  the  sequence  a(T)  = ^;3)  for  tree  T,  |t|  = n, 

was  not  immediately  observed  to  have  any  pattern,  it  was  decided  that 
the  study  should  be  narrowed  to  trees  with  1-factors,  to  determine  if 
the  sequence  completely  determined  them,  and  then  to  generalize  if 
possible.  The  study  was  narrowed  even  further  when  it  was  observed 
that  certain  sequences  have  only  one  nonzero  entry  besides  3- 

Consider  a tree  T,  |T|  = 2n.  T has  a 1-factor  if  and  only  if 
= 0 for  i = n+1,  n+2,  ...,  2n-l,  in  the  sequence  o(T).  Now  suppose 
that,  in  addition,  £.  = 0 for  i = l,2,...,n-l;  that  is,  a(T)  = 

(0, . . . ,0,^,0, . . . ,0;  3) . (Denote  this  by  a(T)  = (£n;3).  Conversely, 
when  a(T)  = (£^;3)  appears,  it  shall  mean  that  T is  a tree  with  a 
1-factor  on  2n  vertices  such  that  = 0,  i * n in  cr(T)).  Then  we  can 

say  something  about  the  structure  of  T. 

Theorem  3.19:  Let  T,  |T|  = 2n,  be  a tree  with  a 1-factor  and  let 

a(T)  = (Sn;3).  Then  3 = n. 

Proof : The  theorem  is  true  for  n = 2.  If  T is  »--»  m m , then 
a(T)  = (3; 2).  Assume  it  is  true  for  n,  and  let  |T|  = 2n  + 2 and 
= . . . = E =0.  T has  at  least  two  remote  end  vertices. 

Let  e be  one  of  them,  with  e adj  x.  Consider  T - {e,x}.  Suppose 
T - {e,x}  has  a MIS  of  size  k,  k < n.  In  T,  let  y adj  x,  y * e.  If 
y is  in  a MIS,  M^,  of  T - {e,x}  of  size  k,  then  M^  u (e)  is  a MIS  in 

T of  size  k + 1,  k + 1 < n + 1,  contrary  to  hypothesis.  If  y is  not 

in  a MIS,  M2,  of  T - {e,x},  then  M2  u {e}  or  M2  u {x}  is  a MIS  of  T 

of  size  k + 1 < n + 1,  again  a contradiction.  Hence  for  T - {e,x}, 

5 j = • • • = £n  j 53  0 so  by  the  inductive  hypothesis,  T has  n 

endpoints. 
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Replace  {e,x}  at  y.  If  y has  degree  larger  than  1 in  T - {e,x}, 
then  T will  have  n + 1 endpoints  and  we  are  done.  So  suppose  y is  an 
endpoint  of  T - {e,x}.  Let  z adj  y and  z ^ adj  z,  z^  * y.  (z  cannot 
be  an  endpoint  since  T - {e,x}  has  a 1-factor  --  see  Properties  (1) 
and  (3)  of  bivariegated  trees.)  There  is  a MIS  M of  T - {e,x} 
containing  y and  z , and  |M|  = n.  Then  (M  - {y})  u {x}  is  a MIS  of  T 
with  only  n points,  a contradiction.  Thus  y must  be  a non-endpoint,  or 
an  interior  point,  so  T has  n + 1 endpoints. 

Lemma  3.20:  Let  T be  a tree  with  a 1- factor,  [ T | = 2n,  such  that 

a(T)  = (£n;3)-  If  a remote  end  vertex  e,  e adj  x,  is  joined  to  an 
interior  point  of  T,  then  a(T  u {e,x})  = CC  jjP1)- 

Proof : By  Theorem  3.19,  3 = n and  3'  = n + 1.  Let  y be  a point  of  T 
such  that  deg  y > 1,  where  T,e,  and  x are  as  in  the  hypotheses.  Every 
MIS  of  T u {e,x}  must  contain  either  e or  x (but  not  both),  and  every 

MIS  of  T u {e,x}  must  contain  a MIS  of  T (which  has  size  n) . Since 

3 = n,  and  since  T has  a 1-factor,  every  point  of  T either  is  an 
end  vertex  or  is  adjacent  to  an  end  vertex.  Thus  when  we  adjoin  {e,x} 

to  y,  if  y is  in  a MIS  M,  M - {y}  u {e}  has  size  n,  but  is  not  maximal 

since  the  end  vertex  which  is  adjacent  to  y is  neither  in  M - {y } u {e}, 
nor  is  it  any  longer  adjacent  to  a member  of  the  set,  which  is  a 
contradiction.  Thus  every  MIS  of  T u (e,x)  has  n + 1 elements;  that  is, 
(Cn+1;n+l)  = o (Tu{e,x)) . 

Theorem  3. 21 : Let  T be  a tree  with  a 1- factor,  | T [ = 2n,  such  that  T 

has  n endpoints.  Then  T has  maximal  independent  sets  only  of  size  n; 
that  is,  a (T)  = (?n;n). 
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Proof : The  theorem  is  true  for  n = 2 (see  the  proof  of  Theorem  3.19). 

Assume  the  result  is  true  for  n,  and  let  T be  a tree  with  2n  + 2 
vertices,  a 1-factor,  and  n + 1 end  vertices.  Since  T has  a 1-factor, 
T has  two  remote  end  vertices,  e and  e',  with  adjacent  vertices  x and 
x'  respectively,  and  with  x adj  y,  y * e and  x'  adj  y',  y'  * e'. 

Assume  we  cannot  remove  any  remote  end  vertex  and  obtain  a tree  with 
n end  vertices.  Then  at  least  one  of  the  remote  end  vertices,  say  e, 
must  be  attached  to  a point  that  is  an  endpoint  in  T - (e,x).  Thus, 
in  T,  deg  y = 2.  So  we  have  n - 1 end  vertices  other  them  e and  e' 
which  cannot  be  adjacent  to  e,  e',  x,  x'  or  y,  which  leaves  2n  + 2 - 
(n-  1)  - 5=n-  2 points.  However,  this  implies  that  two  of  the 
endpoints  are  adjacent  to  the  same  point,  which  contradicts  property 
(1)  of  bivariegated  trees  (trees  with  1-factors) . Thus  there  must  be 
a point  y'  with  deg  y'  > 3 such  that  x'  adj  y* , e'  adj  x' , e'  * y’, 
e'  a remote  end  vertex.  If  we  remove  {e’,x'}  from  T,  y*  is  not  an 
endpoint,  and  the  tree  T - {e',x'}  has  n endpoints,  and  has  a 1-factor. 
By  the  inductive  hypothesis,  a(T  - {e',x'})  = (£n;8)  where  8 = n.  If 
we  now  replace  {e',x'},  T has  only  maximal  independent  sets  of  size 
n + 1 by  Lemma  3.20;  that  is,  a(T)  = (£  j.;  n + 1). 

By  combining  Theorems  3.19  and  3.21,  we  have  that  for  T,  | T | = 2n, 
with  a 1-factor,  a(T)  = (£n;B)  if  and  only  if  8 = n. 

Theorem  3.19  and  Lemma  3.20  show  that  a tree  whose  sequence  can 
be  "built  up"  from  • • • • by  successively  adding  remote  end 
vertices  to  interior  points.  This  building  process  is  not  unique. 

One  such  tree  on  2n  vertices  can  be  obtained  by  adcjing  a remote  end 
vertex  to  two  different  troos  on  2n  - 2 vortices.  In  figuro  31,  Tj 
is  obatined  from  either  T^  or  T^  by  adding  a remote  end  vertex  to  the 
indicated  points. 
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4 4 


4 4 


Figure  31 


The  edges  that  join  the  endpoints  of  a tree  T,  a(T)  = (£n;n),  to 
their  adjacent  points  are  precisely  the  edges  of  the  1-factor. 

If  Tj  is  a tree  with  a 1-factor,  |t|  = 2n,  all  of  whose  maximal 
independent  sets  have  n elements,  and  if  we  remove  the  n end  vertices 
of  T,  then  the  result  is  a tree  which  does  not  necessarily  have  a 
1-factor.  In  fact  it  could  be  any  one  of  the  trees  on  n vertices. 

Notice  that  the  number  of  remote  end  vertices  of  is  precisely  the 
number  of  end  vertices  of  T^.  Conversely,  if  we  start  with  an  arbitrary 
tree  T^'  on  n vertices  and  to  each  vertex  of  T ' adjoin  an  end  vertex, 
we  then  have  a tree  ' which  has  n end  vertices,  and  which  has  a 
1-factor  (the  edges  of  the  1-factor  being  the  new  edges)  so  that 


Definition  3.22:  Let  T be  a tree  with  n vertices.  Let  p(T)  be  the 

tree  obtained  by  adding  one  end  vertex  to  each  vertex  of  T.  The 
process  of  adding  these  end  vertices  is  called  expansion;  p(T)  is  the 
expanded  tree  of  T,  and  T is  the  reduced  or  core  tree  p(T). 


any)  = (£n;n). 
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The  above  discussion  shows  that  there  is  a one-to-one  correspondence 

between  the  set  of  all  trees  and  the  set  of  expanded  trees.  Since  so 

much  information  can  be  found  about  expanded  trees,  the  relationship 

between  p(T)  and  T can  be  expected  to  give  information  about  T (for 

example,  the  number  of  remote  end  vertices  of  p(T)  is  the  number  of 

end  vertices  of  T) . The  information  is  often  easier  to  get  from 

p(T)  because  of  its  special  structure.  In  addition,  if  a(p(T)  = 

(?nJn),  then  is  the  total  number  of  independent  sets  of  T.  For  if 

M is  a maximal  independent  set  of  p(T),  then  M n T is  an  independent 

set  of  T.  Conversely,  if  I is  an  independent  set  of  T,  then  the  set 

consisting  of  I plus  the  end  vertices  of  p(T)  which  are  adjacent  to 

points  of  T - I is  a maximal  independent  set  in  p(T)  of  size  n.  Thus 

if  we  are  able  to  count  £ , we  will  then  know  how  to  count  the  total 

n 

number  of  independent  sets  of  a tree. 

Since  we  have  the  one- to-one  correspondence  between  trees  and 

expanded  trees,  the  number  of  expanded  trees  on  2n  points  is  equal 

to  the  number  of  trees  on  n points.  Erdos  raised  the  question,  "Are 

there  enough  integers  to  be  used  for  the  £ ' s without  giving  the 

same  integer  to  two  different  expanded  trees?"  (It  had  been  noticed 

that  max  £ < 2n  ^ + 1 --  see  Chapter  IV.)  If  there  are  not 

| T J = 2n  n 

enough  integers,  then  the  sequence  a(T)  could  not  be  the  complete 

set  of  invariants  for  trees  as  was  conjectured.  There  are  317,955 

trees  on  19  vertices  [4,  p.  232],  so  there  are  317,955  expanded  trees 

1 8 

on  38  vertices.  However,  2 + 1 = 262,144  + 1 < 317,955.  Therefore, 

the  sequence  a(T)  is  not  a complete  set  of  invariants  for  trees.  In 
the  appendix  are  some  counterexamples  on  16,  18,  and  20  points. 

The  trees  in  figure  32  show  that  even  if  we  add  to  the  sequence 
a(T)  the  diameter  of  T,  the  number  of  remote  end  vertices  of  T,  the 
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sequence  of  degrees  of  the  vertices,  and  the  number  of  points  in  each 
set  of  a bipartite  partition  of  T,  it  is  still  not  enough  to  completely 
determine  the  structure  of  T! 


If  a(T)  = | T | = n,  and  a(p(T))  = (^n;n), 

then  we  can  estimate  £n  using  the  i = i,2,...,n-l. 
n-1 

^ < E (number  of  MIS's  of  p(T)  containing  i points  of  T) 

n i=0 

= 1 + n + (S2  + E 5 ($))  + (F  + E 5 (J)) 
j>2  J * j>3  3 

♦ ...  * (Ck  ♦ E 5.(j»  * ...  * 5 

K j>k  3 R " 1 

rearranging 

= 1 + n + (1  + (*))  + £4  (1  + (*)  * (3)) 

* •••  *y>*  <2>  * •••  + <k-l»  * •••  * En-l(1*(V>*-,(r2» 


k - 1 
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' 1 ♦ n ♦ C2  * 45j  ♦ 115,  * 265s  * 57C6  * ...  * kn  l ?n  l. 

where  kn  ] = (1  * c""1)  * ...  * ££)) 

However,  this  method  of  counting  counts  some  sets  twice.  For  example, 
£n  = for  the  tree  in  figure  33  is  23  but  the  estimate  gives 

1 + 6 + 2 + 4 + 11  = 24.  The  MIS's  of  T are  {1,2,5},  {1,2, 4, 6}, 

{3,5},  and  {3,6}. 


Figure  33 


Counting  and  a Number  Theory  Bonus 
In  this  section,  every  tree  T will  be  a tree  with  a 1-factor  such 
that  cr(T)  = (£^;n).  The  reduced  or  core  tree  of  T will  be  denoted  by 
P-1(T). 

For  each  vertex  v in  T,  define  a number  A(v)  to  be  the  number 

of  maximal  independent  sets  of  T which  contain  v.  If  v is  an  interior 

point,  and  if  w is  the  endpoint  adjacent  to  v,  then  A(v)  + A(w)  = £ , 

since  every  MIS  must  contain  either  v or  w.  And  since  the  equality 

holds  for  every  interior  point  and  adjacent  endpoint,  it  follows  that 

n£  = E A(v),  or  £ » E A(v).  In  particular,  if  e is  a remote  end 

" veT  n * veT 

n 

vertex  and  e adj  x,  then  A(e)  + A(x)  = ^.  If  x adj  y,  y * e,  then 
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A(y)  + A(x)  = A(e)  since  e belongs  to  every  MIS  containing  y,  and  if 
a MIS  M contains  x,  then  (M-{x})  u {e}  is  also  a MIS  of  the  proper  size, 
and  these  are  the  only  MIS's  that  could  possibly  contain  e. 


If  a(T)  = (E  ;n)  and  e is  a remote  end  vertex,  e adj  x,  then 
a(T-{e,x})  = (£  ^;n-l)  by  Lemma  3.20.  If  y adj  x in  T,  y * e,  then 
£n  = 2 i - A(y),  since  for  every  MISMin  T - {e,x}  we  have  the  MIS 
M u {e},  and  the  MIS  M u {x},  except  when  M contains  y (note  that  A(y) 
is  the  same  for  T and  T - {e,x}). 

The  following  proposition  states  some  more  facts  about  relationships 
between  A-numbers. 

Proposition  3.23:  Let  T be  an  expanded  tree  with  0(T)  = (E^jn), 

that  looks  like  the  tree  in  figure  35;  that  is,  e is  a remote  end 
vertex,  e adj  x,  x adj  y,  y * e,  is  the  end  vertex  adjacent  to  y, 
z 2 adj  y,  z^  * z^,  x x,  and  z^  is  the  end  vertex  adjacent  to  z^. 

The  structure  of  the  rest  of  T (which  is  attached  at  z does  not 
matter. 


Figure  34 


By  combining  these  two  equalities  we  find  that  £n  = A(y)  + 2A(x). 


T: 


Figure  35 
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Then 


(i) 

X(z3)  = 3A(y),  so  that  X(z3)  is  divisible  by  3 

(ii) 

Mzp  = 2A(y)  + X(z2) 

(iii) 

X(z2)  is  even 

(iv) 

X(z^)  is  even 

(v) 

A(y)  and  £n  have  the  same  parity 

(vi) 

A(v)  is  independent  of  the  number  of  remote  end 

vertices 

attached  to  v for  any  v e T that  is  an  interior 

point. 

In  addition, 

(vii)  Let  X' (v)  be  the  number  of  MIS's  containing  v in  T - {e,x}, 
for  any  v e T - {e,x}  and  denote  a(T-{e,x})  by  (5  ; n-1).  Then 

Me)  - Vr 

Proof : 

(i)  For  every  MIS  M containing  y,  z e M,  M - {y } u 

M - (y, e}  u {Zj.x},  so  X(z3)  = 3X(y),  and  3 divides  X(z3). 

(ii)  This  can  be  proved  in  two  ways: 

(a)  £n  = X(z2)  + X(z3)  = X(z2)  + 3A(y)  by  (i);  ^ = A(y)  + X(zp 
The  difference  of  these  two  equations  is  0 = 2X(y)  + X(z2) 
X(zx)  or  A(Zj)  = 2 A (y)  + X(z2) 

(b)  For  every  MIS  M containing  y,  z^  e M -{  y,e}  u {x,z^} 

and  Zj  e M - {y}  u {Zj}.  z ^ is  also  in  every  MIS  containing 

Z2  ’ 

(iii)  Let  T^  be  the  part  of  T containing  e,  x,  y,  z t z 2>  z3  and 

T2  = (T-Tj)  u (z2>.  X(z2)  = (number  of  MIS's  in  Tj  containing 

z2)  x (number  of  MIS's  in  T2  containing  z2)  = 2 x (number  of 
MIS's  in  T2  containing  z2)  . The  two  sets  in  Tj  are  (z  ,z2,e} 
and  {Zj,z2,x}.  Thus  2 divides  X(z2). 
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(iv)  follows  immediately  from  (ii)  and  (iii) ; and  (v)  follows 
from  (iv)  and  £n  = A(y)  + A ( ) . 

(vi)  Let  e^,  e^,  . ..,  e^  be  the  remote  end  vertices  attached  to 

some  interior  point  v in  T,  with  e^^  adj  x x . adj  v, 

v = 1,  2,  k.  Then  every  MIS  containing  v must  also 

contain  all  the  e. 's,  and  if  a MIS  contains  even  one  x. , 
i l 

then  v is  not  a member  of  that  set.  Thus  A(v)  is  not 
affected  by  the  size  of  k. 

(vii)  A (e)  + A (x)  = ^ 

and  A(x)  + A(y)  = A(e) 
so  that  2A(e)  = + A(y) 

so  A(e)  = £n  + A(y)  (1) 

2 

also,  = 25nl  - A'(y) 

but  (vi)  implies  that  A(y)  = A' (y) 

so  A(y)  = A'(y)  = 2$^  - ^ (2) 

(1)  and  (2)  lead  to 

A(e)  = £ +2?  -5  = C 

n n- 1 n n-1 

2 

How  do  we  determine  £n?  In  order  to  answer  the  question,  first 
let  us  consider  those  expanded  trees  on  2n  vertices  whose  core  trees 
are  simply  paths  on  n vertices,  as  in  figure  36.  Such  trees  have 
exactly  two  remote  end  vertices. 


Figure  36 
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We  will  call  the  central  n - 2 points  of  the  core  tree  the  central  path, 

and  will  find  the  X-numbers  for  all  points  of  the  central  path,  as  well 

as  for  the  non-remote  end  vertices. 

Starting  at  the  right  hand  end  of  the  central  path,  we  label  each 

vertex  of  the  central  path  and  each  corresponding  end  vertex  with  the 

number  of  maximal  independent  sets  containing  the  point  that  include 

only  points  which  have  been  previously  labeled,  or  points  only  "to  the 

right"  of  the  given  point.  Points  "to  the  right"  of  an  end  vertex  shall 

include  the  point  in  the  core  tree  to  which  it  is  connected.  These 

labels  will  be  elements  of  the  Fibonacci  sequence  (1,1, 2, 3, 5,8, . . . is 

"th 

the  Fibonacci  sequence,  where  the  n term,  f^,  equals  the  sum  of  the 

two  previous  terms:  f = f , + f „) . Refer  to  the  labels  of  figure 

r n n-1  n-2'  6 

36. 

In  figure  37  is  a portion  of  the  tree  in  figure  36  with  labels 
that  will  correspond  to  the  following  discussion. 

v'  v"  v'" 

. . . ■ a • . . . 

i ► i • 

z'  z"  z"' 

Figure  37 

Define  r(w)  to  be  the  number  of  MIS's  containing  vertex  w and  points 
"to  the  right"  of  w. 

For  a vertex  v'  in  the  central  path,  v'  is  in  the  same  number  of 

maximal  independent  sets  to  its  right  as  z"  is  in,  where  z"  is  the 

endpoint  adjacent  to  v",  v"  adj  v'  and  v"  to  the  right  of  v' . 
r(z')  = r(v")  + r(z")  since  if  z'  is  in  a MIS  M (containing  points  only 

"to  the  right"  of  z'),  then  either  z"  e M or  v"  e M. 
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Therefore,  r(v')  = r(z")  = r(z'")+  r(v,M) 


= r(v")  + r(v"'). 

Thus  if  we  number  the  vertices  of  the  central  path  from  left  to 

right  by  vn  2,  3>  v^,  and  the  end  vertices  by  zn_2»  zn_3»  •••» 

z„,  z,,  where  z.  adj  v. , then  r(v.)  = f . , , and  r(z.)  = f.  _.  Then, 

2’  1’  i J i*  v i+l’  v i+2 

A(v  _)  = f , and  A(z  „)  = 2-f  (since  for  every  MIS  "to  the  right" 

^ n-2'  n-1  n-2'  n 

we  could  add  either  the  remote  end  vertex  e or  the  adjacent  point  x) 
and  hence, 


£ = A(v  0)  + A(z  .)  = f + 2f 

ti  v n-2J  K n-2J  n-1  n 

n-1  n n n+1  n n+2 

Now  label  each  point  v^  and  end  point  z^  in  a similar  manner  from 

the  left  by  £(v^)  and  £(z^).  A(v^)  = rCv^j-S-Cv^)  and  A(z^)  = r(zi),A(zi). 

Note  that  £(v.)  = f . since  v.  is  the  n - i - 1 point  from  the  left, 

v n-i  l r 

and  z.)  = f • , • Since  A(v.)  + A(z.)  = £ , 1 i i < n - 2,  we  have 

v l'  n-i+1  v i'  v n 

the  following  well-known  [6]  number  theoretic  result: 


Theorem  3. 24:  f = f.  . , f . + f . 0 f . , , for  1 £ i < n - 2. 

n+2  i+l  n-i  i+2  n-i+1 

For  more  general  expanded  trees  we  follow  a similar  procedure. 

If  v is  a member  of  the  core  tree  and  deg  v = k,  then  A(v)  is  the 
product  of  k - 1 labels  --  one  from  each  of  the  k - 1 branches  incident 
with  v.  If  v adj  z,  z an  end  vertex,  then  A(z)  is  also  the  product  of 
k - 1 labels.  In  this  general  case,  the  labels  will  not  always  be 
elements  of  the  Fibonacci  sequence,  but  each  individual  label  will  be 
obtained  as  the  sum  of  the  two  previous  labels  in  the  same  branch. 

It  is  not  necessary  to  find  all  labels  for  every  point  in  order  to 
find  £ . Only  the  A-numbers  for  one  end  vertex  and  its  adjacent  point 


are  needed. 
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In  figure  38  is  a tree  with  20  vertices.  The  circled  points  are 
the  ones  for  which  the  A-numbers  are  being  found.  We  are  labeling 
from  the  endpoints  of  the  separate  branches  toward  the  circled  vertices. 


510  = 130  + 45  = 175 
Figure  38 


Other  examples  are  in  figures  39  and  40. 


£10'=  114  + 35  = 149 


Figure  39 
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£ = 132  + 60  = 192 

Figure  40 


Observe  that  parts  (i)  and  (ii)  of  Proposition  3.23  can  be  proved 
using  the  method  of  counting  described  in  the  discussion  above. 

Proposition  3.25:  If  e is  a remote  end  vertex  of  an  expanded  tree  T, 
and  e adj  x,  x adj  y,  y * e,  then  X(x) > X(y). 


Proof:  Let  z be  the  end  vertex  adjacent  to  y,  and  let  y'  adj  y, 

y'  * z,  y'  * x.  Let  f be  the  product  of  all  labels  at  vertex  v 

except  the  label  for  the  process  starting  at  e.  Then 

X(x)  = f = f = f + f . > f » X(y) 
v 1 x z y y ' y ' 

Proposition  3.26:  If  T is  an  expanded  tree  whose  core  tree  is  a path 

on  n vertices,  and  if  e is  a remote  end  vertex  with  x adj  e,  then 
X(x)  > X(v)  for  v a member  of  the  central  path. 


Proof: 


X(x)  = f = f.  . f . + f, 
v n i+.l  n-i  i 

2:  f . . f . = X(v. ) , 
l+l  n-i  l 


f . . by  Theorem  3.24 
n-i-1 

1 < i < n - 1. 


CHAPTER  IV 


THE  NUMBER  OF  MAXIMAL  INDEPENDENT  SETS  IN  A TREE 


Let  T - (V,E)  be  a tree  with  |v|  = n and  with  sequence  cr(T)  = 

4 

(?1 » ^2> • • • > ?n_ i » as  defined  in  Chapter  III.  Dr.  Paul  Erdos  raised 

n-1 

the  following  question  about  o(T):  What  is  max  E £.? 

T : | V | =n  i=l  1 

n-1 

Let  nUp  = ^E^  for  T,  |v|  = n;  and  let  m(x)  = number  of 


maximal  independent  sets  of  T containing  x,  for  x e V. 


n-1 


Theorem  4.1:  (i)  If  T is  a forest  with  n vertices,  then  E £.  = nu 

m i-i  1 

<.  2 1 . 


(ii)  If  T is  a tree  with  n vertices  and  n is  even,  then 
a- 2 

max  m = 2 2 +1. 

T: |v|=n  ^ 


Proof:  The  proof  will  proceed  by  induction. 

(i)  is  true  for  n = 1,2.  Assume  the  statement  holds  for  all  forests 

with  fewer  than  n vertices  and  let  T be  a tree  with  n points.  [Note  that 

if  T is  a forest,  its  components  T^T^,...,^  are  trees  and  m^,  = m^,  m^.  ... 

m so  we  lose  no  generality  by  considering  only  trees.] 
k 

T has  at  least  one  end  vertex  a.  There  is  some  point  b adjacent 
to  a,  and  at  least  one  point,  c,  adjacent  to  b. 

lOp  = m(a)  + m(b) . 

But  m(a)  = the  number  of  maximal  independent  sets  in' T - {a,b}  since 
it  is  already  determined  for  a set  M containing  a that  a e M and  b ^ M. 
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Since  T - {a,b}  is  a forest  with  n - 2 points  the  inductive  hypothe  is 
implies  that 

>11=2.1 

m(a)  = V{a,b)  s 2 2 ' 

m(b)  is  less  than  or  equal  to  the  number  of  maximal  independent  set  - 
in  T - {a,b,c}  since  if  M contains  b,  then  a | M,  b £ H,  c i M are 
determined.  So 

>11=2.1 

”(b)  S V{a,b,cJ  S 2 2 ' 

Then 

lUj.  s 2^  * 2[“=l1  s 2.2[n^]  . 2®. 

If  Tj  is  a forest  on  2k  vertices,  k > 1,  where  each  component 

consists  of  two  vertices  and  the  edge  between  them,  then  m = 2k.  If 

T1 

T is  a tree  of  the  form  in  figure  41  with  2k  + 1 vertices,  then 

k [21?+  ^ 1 

itl,  = 2 = 2l  2 , so  the  bound  is  the  best  possible. 

2 


(ii)  Let  T be  a tree  with  n vertices,  n = 2k,  k £ 1 and  assume 
the  statement  is  true  for  all  trees  with  21  vertices,  Z < k. 

Case  1:  T has  a remote  end  vertex,  e,  and  e is  adjacent  to  x,  degree 
of  x is  2,  and  x adj  y,  y * e.  T - {e,x}  is  a tree  with  n - 2 vertices 
and  nvj,  = m(e)  + m(x).  As  in  part  (i)  m(e)  = {e  x}  and  m(x)  ^ 
mT-{e  x y};  and  since  n is  even>  so  is  n - 4,  while  n - 3 is  odd. 


55 


Therefore 


"V  ~ V{e,x}  + ’Vte.x.y} 
1) 


rlizA, 

«■  2 j + 


< (2 

IL-J. 

= 2 2 + 


rn-3, 

. [ 2 1 


+ 2 
n-4 

1 + 2 2 =2 


by  the  inductive  hypothesis  and  part  (i) 
n-4  n-2  rtlzi, 

[ 2 1 * 1. 


V 

+ 1 = 2 2 + 1 = 


Case  2:  T has  no  remote  end  vertices.  Then  every  end  vertex  is 

adjacent  to  a vertex  of  degree  3 or  greater.  If  n >5,  T must  look 
like  the  tree  in  figure  42.  (Every  tree  has  at  least  two  endpoints, 
but  since  no  endpoint  is  remote,  and  since  the  tree  has  only  finitely 
many  points,  endpoints  must  come  in  pairs  at  least  twice,  as  in  the 
figure. ) 


However  m^,  = my_{x  yj  since  x and  a must  be  in  precisely  the  same  maximal 
independent  sets  and  the  same  is  true  for  y and  b.  T - {x,y}  is  a tree 
with  2(k-l)  vertices  so  by  the  inductive  hypothesis 


2fk-11-2 


+ 1 = 2k"2  + 1 < 2 


k-1 


n^2 

1 = 2 2 + I . 


mT  " mT-{x,y}  ^ 2 

(note  that  if  n = 1,2, 3, 4,  the  theorem  can  be  observed  to  be  true  simply 
by  inspecting  all  trees  on  1,  2,  3,  or  4 vertices.) 

k- 1 

If  T has  tho  form  of  tho  trco  in  figure  43,  thon  m,j,  * 2 * I, 


so  the  maximum  is  attained. 
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Figure  43 


The  lower  bound  for  the  total  number  of  maximal  independent  sots 
in  a tree  is  2 and  is  attained  in  a star;  that  is,  in  a tree  T,  |T|  = n, 
such  that  all  but  one  point  of  T are  endpoints,  and  the  remaining  point 
has  degree  n - 1 . 

The  following  examples  are  of  trees  on  n = 2k  vertices  with 
k- 1 

m^,  = 2 +1  other  than  the  one  in  figure  43.  In  all  three  examples, 

| T | = 2k.  (These  are  not  necessarily  the  only  other  trees  with 
= 2k_1  + 1 when  |t|  = 2k.) 


Example  4.2: 


k-2 


Figure  44 

m = m(a)  + m(~a)  = m(a)  + mfa^)  + m(~a1) 
k-2  • k-2 

= 2 + 2 + (2  -1)  (1) 


= 2 


k-2 

2 + 


1 = 2 


k-1 


+ 1. 
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Example  4.3: 


Figure  45 

= m(a,~b)  + m(~a,b)  + m(~a,~b) 

= 2k  1 + 2^  + (2^-1) (2kl _^-l) 

= 2k_1“^  + 2^  + 2kl  - 2kl -2^+1 


Example  4.4: 


m^,  = m(a)  + m(~a)  = m(a)  + m(a^)  + m(a2) 

V_  X k- ^ k-X 

= 1-3  + (2  -1) • 2 + 2 -2  = 2-2-2  -2+3 


The  result  of  Theorem  4.1  is  a slight  refinement  of  a similar 


result  by  Erdos,  proved  in  a paper  by  Moon  and  Moser"  [5].  Recall  that 
a complete  graph  C is  a graph  in  which  every  vertex  is  adjacent  to 
every  other  vertex.  A complete  graph  C is  said  to  be  maximal  with 
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respect  to  graph  M if  C £ M and  C is  not  contained  in  any  other 
complete  graph  contained  in  M.  A clique  is  a complete  graph  C which 
is  maximal  with  respect  to  G.  Let  f (n)  be  the  number  of  cliques 
possible  in  a graph  with  n nodes. 

Theorem  4.2:  If  n a 2,  then 

if  n = 0 (mod  3) 

f (n)  = 4-3^_1  if  n = 1 (mod  3) 

2*3®  if  n = 2 (mod  3). 

If  G is  a graph  on  n vertices,  and  if  G' is  the  complement  of 
G with  respect  to  Kn,  then  the  points  that  form  a clique  in  G form  a 
maximal  independent  set  in  G'  (and  vice  versa).  Thus  Theorem  4.2  gives 
a bound  for  the  number  of  maximal  independent  sets  of  a graph  and  hence 
of  a tree.  However,  the  bounds  of  Theorem  4.1  are  less  than  the  bounds 
of  Theorem  4.2.  (This  is  easily  proved  by  induction.)  So  what  does 
Theorem  4.1  say  about  cliques?  It  says  that  the  largest  possible 
number  of  cliques  in  a graph  G whose  complement  is  acyclic  (with  n - 1 
or  fewer  lines)  is  2l^J. 


CHAPTER  V 


DISCUSSION 

Although  much  information  about  tree  structure  was  gleaned  from 
the  study  of  the  sequence  a(T)  = ;B)  for  |T|  = n,  the 

sequence,  as  shown  in  Chapter  III,  does  not  characterize  trees.  In 
fact,  the  sequence  when  combined  with  several  other  facts  about  trees 
still  does  not  determine  the  structure.  Therefore,  two  questions 
that  naturally  arise  are  "Is  there  a sequence  which  will  characterize 
trees?"  and  "Is  there  a characterizing  sequence  which  includes  all 
or  part  of  a(T)?"  As  mentioned  previously,  since  there  are  computer 
algorithms  available  to  print  out  a(T),  it  would  be  especially  convenient 
if  a characterizing  sequence  did  contain  the  £.,  i = l,2,...,n-l. 

There  is  a theorem  by  Bednarek  [1]  that  characterizes  tree 
isomorphisms : 

Theorem  5.1:  If  T^  and  T2  are  trees  and  f:  T^  -*■  is  a bijection 

between  vertex  sets,  then  f is  an  isomorphism  if  and  only  if  all 
irreducible  cycles  in  Tj  - f - T2  have  length  four,  where  T - f - T2 
is  the  graph  consisting  of  Tj,  T2>  and  the  edges  of  the  bijection. 

This  theorem  provides  a possible  way  to  prove  (or  disprove)  that  two 
trees  with  the  same  sequence  are  isomorphic. 

There  are  other  questions  arising  from  this  study.  In  view  of 
the  ease  with  which  we  can  calculate  cr(p(T))  for  some  expanded  tree 
p(T)  of  T,  can  we  use  this  plus  the  relationship  between  o(T)  and 
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0(P(T))  to  get  information  about  T?  In  particular,  can  we  use  such 
a relationship  to  "transfer"  information  about  a given  sequence's  ability 
to  determine  tree  structure,  as  we  did  with  a(T)?  Of  course  both  of 
these  questions  presuppose  that  there  is^  a relationship  between  o(T) 
and  a(p(T)).  As  yet,  although  we  can  get  a bound  on  cr(p(T))  from  o(T), 
no  equation  has  been  found.  A listing  of  a(T)  and  a(p(T))  for  |T|  = 2, 
3,  4,  5,  6,  7,  8,  9,  10  appears  in  Appendix  III. 

Another  question  was  raised  by  Erdos.  How  many  of  the  £ in 
a(T)  can  be  non- zero  for  a given  cardinality?  The  question  is  analogous 
to  the  one  about  cliques  in  graphs,  also  discussed  in  [5]  by  Moon  and 
Moser.  If  g(n)  is  the  maximum  number  of  different  sizes  of  cliques 
that  could  occur  in  a graph  G on  n nodes,  then  g(n)  is  approximately 
n - [log2n].  It  follows  then  that  approximately  n - [log2n]  is  the 
maximum  number  of  nonzero  But  can  this  be  improved  for  trees? 

A more  general,  and  much  harder,  problem  is  "What  kind  of  sequences 
can  arise  as  a(T)?" 

In  this  entire  paper,  the  graphs  have  been  finite,  by  definition. 
If  we  turn  our  attention  to  "infinite  graphs,"  not  all  of  the  same 
questions  can  be  asked.  However,  one  that  does  arise  is  "If  T is  an 
infinite  tree  such  that  each  finite  subgraph  of  T with  an  even  number 
of  vertices  is  bivariegated,  is  T also  bivariegated?"  (Of  course,  the 
question  may  also  be  phrased  in  terms  of  1-factors.) 


APPENDIX  I:  COUNTEREXAMPLES 


Here  are  some  examples  to  show  that  if  T and  are  trees  with 
|t^|  = | | = 2n  and  a(T^)  = a^)  = (£n;n),  then  it  is  not  necessarily 
true  that  and  are  isomorphic. 

Under  each  graph  is  the  sequence  a(T)  for  the  core  tree  of  the  tree 
pictured;  under  each  set  of  (expanded)  trees  having  the  same  sequence 
is  that  sequence,  denoted  simply  by  o.  The  values  for  a were  calculated 
using  the  method  described  in  Chapter  III. 

While  these  examples  are  all  such  examples  for  expanded  trees, 
there  may  be  other  (non-expanded)  trees  which  are  not  isomorphic,  but 
which  have  identical  sequences. 
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....  / 

M O > 


(0, 0, 3,  3, 1 , 0, 0;  3) 


CT 


(60; 8) 


a = (66; 8) 


(0, 0, 1, 4, 1 , 0, 0;4) 
a = (62; 8) 


(0,0,3,2,4,0,0,0;3) 


a = (97;9) 
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a = Cl 1 2 ; 9) 


(0,0, 1,2,5,0,0,0;4) 
a = (102;9) 


/ 

• 0;5) 


a = (1 16 ; 9) 
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O = (157; 10) 


a = (172; 10) 
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(0,0, 2, 2, 3, 3, 0,0,0; 4)  (0,0, 2, 1,3, 3, 0,0,0; 5) 

a = (175; 10) 


/ 


a = (216; 10) 
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CO, 0,1 ,1,0, 6, 0,0,0; 5)  (0, 0, 1 , 0,3, 1 , 1 , 0, 0;6) 

a = (202 ; 10) 


a = (192;  10) 


(0,0,0,5,4,2,0,0,0;4)  (0, 0,0, 3, 8, 1,0, 0,0; 5) 

a = (166; 10) 
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(0,0,0, 3,7,1, 0,0,0;4) 


a = (162; 10) 


• • • 

(0,0,0,5,6,1,0,0,0;4) 


a = (160; 10) 


a = (158 ; 10) 
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a = (197;  10) 


a = (189; 10) 


a = (182; 10) 
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a 


a 


a 


(180; 19) 


(173; 10) 


(176; 10) 


(232; 10) 
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(0,0, 0,2, 6, 2, 0,0,0; 5)  (0,0, 0,4, 6, 2, 0,0,0; 5)  (0,0, 0,0,13,0, 0,0,0; 5) 


a = (174; 10) 


a = (212; 10) 


a = (204; 10) 


APPENDIX  II:  B I VARIEGATED  TREES 


This  appendix  includes  a table  comparing  the  number  of  trees  on 
p points  with  the  number  of  bivariegated  trees  on  p points  for  p = 2,  4, 
6,  8,  10,  12,  and  then  shows  all  bivariegated  trees  on  12  or  fewer 
vertices. 
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TABLE  1 


The  number  of  trees  (T  1 

P 

and  bivariegated  trees  (B^) 
with  p points. 


p 

T 

P 

B 

P 

2 

1 

1 

4 

2 

1 

6 

6 

2 

8 

23 

5 

10 

106 

15 

12 

551 

49 

The  listing  of  bivariegated  trees,  with  up  to  12  vertices  was 
extracted  from  the  listing  in  [4]  of  trees  with  at  most  10  vertices 
and  that  in  [8]  of  trees  with  12  vertices.  This  listing  also  appeared 
in  [2]  and  [9]. 
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A ,A  A A 


.75 


76 


© 


VKW 


APPENDIX  III:  A COMPARISON  OF  CX(T)  AND  a(p(T)) 
FOR  |T|  = 2,3,4,5,6,7,8,9,10. 


n 

2 

3 

4 

5 


6 


7 


8 


TABLE  2 


q(T),  1 T | = n 

(2;2) 

(1,2;2) 

(0 , 3, 0; 2) 

(i,o, l;  3) 

(0, 3, 1 ,0;  2) 
(0,1,2,0;3) 
(1,0,0,1;4) 

(0, 1 ,4, 0, 0; 2) 

(0, 2 , 1 , 1 , 0;  3) 
(0,0,5, 0,0;3) 
(0,1,0,2,0;4) 

(1, 0,0,0, 1;5) 
(0,0,2, 1,0;4) 

(0, 0,6,1, 0,0;2) 

(0, 1 , 1 , 3, 0,  0;  3) 
(0,0,4,2,0,0;3) 
(0,0,2,3,0,0;4) 
(0,0, 1,4,0,0;4) 
(0,0,7, 1,0,0; 3) 

(0, 1,2,0, 1,0;4) 

(0, 2, 0, 1, 1 , 0;  4) 
(0,0,1, 1,1, 0;5) 
(0,1, 0,0,2, 0;5) 
(1,0, 0,0,0, 1;6) 

(0,0, 4, 5, 0,0,0; 2) 
(0,0, 3, 3, 1,0,0; 3) 
(0,0, 1, 7, 0, 0,0; 3) 
(0,0,3,6,0,0,0;3) 
(0, 0, 5, 2, 1 , 0, 0;  3) 
(0, 1, 1 , 0,  3, 0, 0;  4) 
(0, 0, 2 , 2, 2, 0, 0; 4)  ’ 
(0,0,0,9,0,0,0;4) 
(0,2, 0,0, 1,1, 0;5) 
(0,0, 1 , 0, 4 , 0,  0; 5) 
(0,1, 0,0, 0,2, 0;6) 


Q(P(T))  = gn;n) 

(3;  2) 

(5;  3) 

(8;4) 

(9;  4) 

(13; 5) 

(14; 5) 

(17; 5) 

(2 1 ; 6) 

(23;6) 

(22 ; 6) 

(26 ; 6) 

(33; 6) 

(24; 6) 

(34; 7) 

(37; 7) 

(36; 7) 

(38; 7) 

(40; 7) 

(35; 7) 

(41; 7) 

(43;  7) 

(44; 7) 

(50; 7) 

(65; 7) 

(55 ; 8) 

(60; 8) 

(58; 8) 

(57; 8) 

(59; 8) 

(69; 8) 

(66 ; 8) 

(62 ; 8) 

(83; 8) 

(76; 8) 

(98; 8) 
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g( T),  | T | = n 

(1,0,0, 0,0, 0,1;7) 
(0,1,0, 2,2, 0,0;4) 
(0,0, 3, 1, 2,0,0;4) 
(0,0,4,3,1,0,0;4) 
(0,0, 0,8, 0,0, 0;4) 
(0,0,1, 4,1, 0,0;4) 

(0, 1,1,1, 0,1, 0;5) 

(0, 0, 0, 3, 2, 0, 0;  5) 

(0, 0 , 2, 0,  3, 0,  0;  5) 

(0, 0, 1, 0, 1, 1 , 0;  6) 

(0,0,0, 2, 0,1, 0;6) 

(0, 0, 1, 2, 2 , 0, 0;  5) 

(0,0,1, 10, 1,0,0,0;2) 
(0,0, 3, 2, 4, 0,0,0; 3) 
(0,0, 0,9, 2, 0,0,0; 3) 
(0,0, 2, 5, 3,0, 0,0; 3) 
(0,0,0, 12,1, 0,0,0; 3) 
(0,0, 1,8, 2, 0,0,0; 3) 
(0,0,3,0,3,1,0,0;4) 
(0,0, 1, 1 , 6, 0, 0, 0;  4) 
(0,0, 4, 1,2, 1,0, 0;4) 
(0,0,0,6,4,0,0,0;4) 
(0,0,0, 15, 1,0, 0,0;4) 
(0,1, 1,0, 0,3, 0,0; 5) 
(0,0,2,0,2,2,0,0;5) 
(0,0,0,1,8,0,0,0;5) 
(0,2,0, 0,0,1, 1,0;6) 
(0,0, 1,0, 0,4, 0,0, 6) 
(0, 1, 0,  0, 0, 0, 2,0;  7) 
(1 ,0, 0, 0,  0, 0, 0, 1;  8) 
(0,0,1 , 4, 1 , 1, 0, 0; 4) 
(0,0, 1,2, 5, 0,0,0; 4) 
(0,0,3, 1,5,0,0,0;4) 
(0,0,0,5,4,0,0,0;4) 
(0,0, 3, 3, 1,1, 0,0; 4) 
(0,0,0, 4,4, 0,0,0;4) 
(0,0,2,3,4,0,0,0;4) 
(0,0,0,7,3,0,0,0;4) 
(0,0, 0,10, 2, 0,0,0; 4) 
(0, 1, 0, 1, 1, 2, 0, 0; 5) 
(0,0,1, 3,0,2,0,0;5) 
(0,0,3,0,1,2,0,0;5) 
(0,0,0, 3, 2, 1,0, 0;5) 
(0,0,0,4,5,0,0,0;5) 
(0,1,0, 2,0,0, 1 , 0; 6) 
(0,0, 1,0,0, 1,1, 0;7) 
(0,0, 2, 0,0, 3, 0,0; 6) 
(0,0,0, 1, 2, 2, 0,0; 6) 
(0,1, 1,0,1, 0,1, 0;6) 
(0,0,0,2,6,0,0,0;5) 
(0, 0,4,0, 3,1, 0,0;5) 


g(p(T))  = (Cn;n) 

(129; 8) 

(65; 8) 

(64; 8) 

(61 ; 8) 

(60; 8) 

(62; 8) 

(77; 8) 

(68; 8) 

(70; 8) 

(82; 8) 

(80; 8) 

(66; 8) 

(89; 9) 

(97 ; 9) 

(94 ; 9) 

(95 ; 9) 

(92; 9) 

(93; 9) 

(112; 9) 

(106;9) 

(109;9) 

( 1 02 ; 9 ) 

(97; 9) 

(133;9) 

(126; 9) 

(1 16 ; 9) 

(163; 9) 

(148; 9) 

(194 ; 9) 

(257; 9) 

(106; 9) 

( 1 02 ; 9) 

(101 ; 9) 

(100; 9) 

(105;9) 

(100; 9) 

(99; 9) 

(98 ; 9) 

(96; 9) 

(121; 9) 

(118; 9) 

(120; 9) 

(112; 9) 

(106;9) 

(145; 9) 

(164; 9) 

(134;9) 

(128; 9) 

(149; 9) 

(108; 9) 

(1 1 3; 9) 
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a(T),  | T 1 = n 

Q(P(T))  = (gn;n) 

(0,0, 1,1, 3, 1,0,0; 5) 

(1 14 ; 9) 

(0,0, 0,2, 1,2, 0,0; 6) 

(124; 9) 

(0,0, 0,1,1, 0,1,0; 7) 

(152 ; 9) 

(0,0,0,3,5,0,0,0;5) 

(1 04 ; 9) 

(0,0,1,2,2,1,0,0;5) 

(110; 9) 

(0, 0, 2,4, 1, 1 ,0, 0;  5) 

(107 ; 9) 

(0,0, 1,1, 1,2, 0,0; 6) 

( 1 22 ; 9 ) 

(0,0, 0,1, 3, 1,0,0; 6) 

( 1 1 6 ; 9 ) 

(0,0, 0,10, 6, 0,0, 0,0; 2) 

(144 ; 10) 

(0,0, 1,4,6, 1,0, 0,0;3) 

(157; 10) 

(0,0, 0,5, 9, 0,0, 0,0; 3) 

(152; 10) 

(0,0,0,9,4,1,0,0,0;3) 

(154; 10) 

(0,0, 0,10, 7, 0,0, 0,0; 3) 

(149; 10) 

(0,0, 1,2, 10, 0,0, 0,0; 3) 

(153; 10) 

(0,0, 0,7, 8, 0,0, 0,0; 3) 

(150; 10) 

(0,0, 0,11, 3,1, 0,0,0;3) 

(152; 10) 

(0,0, 3, 1,1, 4, 0,0,0; 4) 

(181; 10) 

(0,0, 0,3, 6, 2, 0,0,0; 4) 

(172 ; 10) 

(0,0,2, 2, 3,3,0, 0,0;4) 

(175; 10) 

(0, 0,0,1, 13, 0,0,0,0;4) 

(164; 10) 

(0,0,0,6,4,2,0,0,0;4) 

(168; 10) 

(0,0, 0,7, 10, 0,0, 0,0; 4) 

(159; 10) 

(0,0,3,0,0,3,1,0,0;5) 

(216; 10) 

(0,0,1,1,0,6,0,0,0;5) 

(202 ; 10) 

(0,0,4, 0,1, 2,1, 0,0;5) 

(215; 10) 

(0,0,0,2,4,4,0,0,0;5) 

(192; 10) 

(0,0,0, 0, 17,0,0,0, 0;5) 

(178; 10) 

(0,1, 1,0, 0,0, 3, 0,0; 6) 

(261; 10) 

(0,0, 2, 0,0, 2, 2, 0,0; 6) 

(246; 10) 

(0,0, 0,1, 0,8, 0,0,0; 6) 

(224;10) 

(0,2, 0,0, 0,0, 1,1,0; 7) 

(323; 10) 

(0,0, 1,0,0, 0,4, 0,0;5) 

(292; 10) 

(0,1,0,0,0,0,0,2,0;8) 

(386; 10) 

(1»0,0,0,0,0,0,0,1;9) 

(513; 10) 

(0,0,2,2,2,3,0,0,0;4) 

(191 ; 10) 

(0,0, 0,5, 4,2,0, 0,0;4) 

(166; 10) 

(0,0,0,5,7,1,0,0,0;4) 

(162; 10) 

(0, 0,0,1, 12, 0,0,0,0;4) 

(160; 10) 

(0,0, 2, 1,5, 2, 0,0,0; 4) 

(167; 10) 

(0,0, 1,5, 1,3, 0,0,0; 4) 

(169; 10) 

(0,0,1,4,4,2,0,0,0;4) 

(165; 10) 

(0,0,0,7,3,2,0,0,0;4) 

(164 ; 10) 

(0,0,0, 3, 11,0, 0,0, 0;4) 

(158; 10) 

(0,0, 0,3,7, 1,0,0,0;4) 

(162 ; 10) 

(0,0,0,6,6,1,0,0,0;4) 

(160; 10) 

(0,0,0,2,11,0,0,0,0;4) 

(158; 10) 

(0,0,1,2,7,1,0,0,0;4) 

(161; 10) 

(0,0,0,5,6,1,0,0,0;4) 

(160; 10) 

(0,0,0,4,10,0,0,0,0;4) 

(156; 10) 

(0,0,0,11, 4, 1,0,0,0;4) 

(157; 10) 

(0,0,0,9,8,0,0,0,0;4) 

(153; 10) 

(0,0,1,2,2,1,1,0,0;5) 

(198; 10) 
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a(T),  | T | = n 

a(P(T))  = (U;n) 

(0,0,1,2,0,5,0,0,0;5) 

(190; 10) 

(0,0,1, 0,3,4, 0,0, 0;5) 

(186 ; 10) 

(0,0,3, 1,2,1, 1,0, 0;5) 

(197; 10) 

(0, 0,2,3, 1,1,1,0,0;5) 

(195; 10) 

(0,0,3,1,0,5,0,0,0;5) 

(189; 10) 

(0,0,0,3,2,4,0,0,0;5) 

(184 ; 10) 

(0,0,0,5,1,4,0,0,0;5) 

(182; 10) 

(0,0,0,3,1,4,0,0,0;5) 

(184; 10) 

(0,0,0,1,4,3,0,0,0;5) 

(180; 10) 

(0,0,2,2,1,4,0,0,0;5) 

(173; 10) 

(0,0,0,1,7,2,0,0,0;5) 

(176; 10) 

(0,0,0,2,6,2,0,0,0;5) 

(174; 10) 

(0,0,0, 4, 6,2, 0,0, 0;5) 

(174; 10) 

(0,0, 0,4,3, 3,0,0,0;5) 

(178; 10) 

(0, 0,0,0, 14, 0,0,0,0;5) 

(168; 10) 

(0,0, 0,8,7, 1,0,0,0;5) 

(197 ; 10) 

(0,1, 0,1, 0,1, 2,0, 0;6) 

(233; 10) 

(0,0,3,0,0,1,2,0,0;6) 

(232; 10) 

(0,0,1, 1,2,0, 2, 0,0;6) 

(226; 10) 

(0,0,1, 1, 0,3,1, 0,0;6) 

(218; 10) 

(0, 0,0, 2, 1,2, 1,0,0; 6) 

(212; 10) 

(0,0, 4, 0,0, 3, 1,0,0; 6) 

(217; 10) 

(0,0, 0,2,0, 6,0,0, 0;6) 

(204; 10) 

(0,0,0,0,5,4,0,0,0;6) 

(196; 10) 

(0,1, 1,0, 0,1, 0,1,0; 7) 

(293; 10) 

(0,0,2,0,0,0,3,0,0;7) 

(262;10) 

(0,0,0,1,0,2,2,0,0;7) 

(248; 10) 

(0,0,1, 0,0, 0,1,1,0;8) 

(324; 10) 

(0,1, 0,0, 2, 0,2, 0,0; 6) 

(225; 10) 

(0,0,1,2,1,0,2,0,0;6) 

(222; 10) 

(0,0, 0,4, 0,5, 0,0,0; 6) 

(194; 10) 

(0,0, 0,0,4, 4,0, 0,0;6) 

(192; 10) 

(0,0,0,1,3,1,1,0,0;6) 

(204; 10) 

(0,1, 0,1,1, 0,0, 1,0; 7) 

(281 ; 10) 

(0,0,0,2,0,1,2,0,0;7) 

(236; 10) 

(0,0, 0,0, 3, 0,2, 0,0; 7) 

(232; 10) 

(0,0,0, 1,0, 1,0,1,0;8) 

(296 ; 10) 

(0,0,0,0,2,0,0,1,0;8) 

(288; 10) 

(0,0,1,3,2,3,0,0,0;5) 

(173; 10) 

(0,0, 0,6, 4, 2, 0,0, 0;5) 

(168; 10) 

(0,0,0,3,5,2,0,0,0;5) 

(170; 10) 

(0, 0,0, 3,8,1, 0,0, 0;5) 

(166; 10) 

(0,0, 0,0, 13,0, 0,0, 0;5) 

(174; 10) 

(0,0,2,1,3,3,0,0,0;5) 

(175; 10) 

(0,0,0,1,6,2,0,0,0;5) 

(172; 10) 

(0,0,0,5,2,3,0,0,0;5) 

(174; 10) 

(0,0,0,2,3,3,0,0,0;5) 

(176; 10) 

(0,0, 2, 2, 3, 0,1, 0,0; 5) 

(187; 10) 

(0,0, 0,2, 4, 3,0,0, 0;6) 

(182; 10) 

(0,0,0,0,5,3,0,0,0;6) 

(184; 10) 

(0,0, 0,2, 2, 1,1, 0,0; 6) 

(200; 10) 

(0,0,2,2,2,1,1,0,0;6) 

(199; 10) 

(0,0,0,1,3,4,0,0,0;6) 

(188; 10) 

n a(T),  |T|  = n 


81 

p(P(T))  = (^;n) 


(0,0, 0,3, 0,5, 0,0,0; 6)  (192;10) 
(0,0,1,2,0,2,1,0,0;6)  (206;10) 
(0,0, 1,0, 3, 1,1, 0,0; 6)  (202;10) 
(0,0, 0,0, 2, 2, 1,0,0; 7)  (216; 10) 
(0,0, 1,0, 2, 0,2, 0,0; 7)  (226;10) 
(0,0, 0,1, 1,2, 1,0,0; 7)  (212; 10) 
(0,0, 1,3, 3, 0,1, 0,0; 6)  (189;10) 
(0,0, 0,1, 4, 3, 0,0,0; 6)  (180;10) 
(0,0,1, 1,0,1, 2, 0,0;7)  (234; 10) 


The  sequences  listed  above  are  in  the  same  order  as,  and 
correspond  to,  the  trees  which  appear  in  the  appendix  of  [4]. 
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